Characterization of affine surfaces with a torus action by their
  automorphism groups by Liendo, Alvaro et al.
ar
X
iv
:1
80
5.
03
99
1v
2 
 [m
ath
.A
G]
  1
 M
ay
 20
19
CHARACTERIZATION OF AFFINE SURFACES WITH A TORUS ACTION
BY THEIR AUTOMORPHISM GROUPS
ALVARO LIENDO, ANDRIY REGETA, AND CHRISTIAN URECH
ABSTRACT. In this paper we prove that if two normal affine surfaces S and S′ have isomorphic auto-
mophism groups, then every connected algebraic group acting regularly and faithfully on S acts also regu-
larly and faithfully on S′. Moreover, if S is non-toric, we show that the dynamical type of a 1-torus action
is preserved in presence of an additive group action. We also show that complex affine toric surfaces are
determined by the abstract group structure of their regular automorphism groups in the category of complex
normal affine surfaces using properties of the Cremona group. As a generalization to arbitrary dimensions,
we show that complex affine toric varieties, with the exception of the algebraic torus, are uniquely deter-
mined in the category of complex affine normal varieties by their automorphism groups seen as ind-groups.
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1. INTRODUCTION
In the whole paper we work over the field C of complex numbers and varieties are considered to be
irreducible. Let T be the algebraic torus, i.e. T ≃ Gnm, where Gm = (C
∗, ·) is the multiplicative group
of the base field C. A Gm-variety is a variety endowed with a regular Gm-action. A toric variety is a
normal algebraic variety endowed with a T -action having a Zariski dense open orbit.
Let G be an algebraic group acting faithfully and regularly on an affine surface S. This induces
an embedding of G into Aut(S). Subgroups of Aut(S) of this form are called algebraic subgroups
(see Section 2.1 for details). In this paper we look at the question, in as far this algebraic structure of
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subgroups of Aut(S) is encoded by the structure of Aut(S) as an abstract group. As a first main result
we show that abstract group isomorphisms preserve algebraic groups.
Theorem 1.1. Let S and S′ be normal affine surfaces and let ϕ : Aut(S)→ Aut(S′) be an isomorphism
of groups. IfG is a connected algebraic subgroup ofAut(S) that is not unipotent, then ϕ(G) ⊂ Aut(S′)
is an algebraic subgroup isomorphic to G as an algebraic group.
The restriction on unipotent subgroups in the theorem cannot be removed as shown by Example 6.14,
where we exhibit a surface S all of whose automorphisms are unipotent such that Aut(S) is isomorphic
to (C,+) as group. This surface allows us to produce a counter-example to Theorem 1.1 in the case
where G is unipotent. However, let S and S′ be normal affine surfaces and let ϕ : Aut(S) → Aut(S′)
be an isomorphism of groups. If Aut(S) contains a unipotent subgroup U , then Aut(S′) also contains
an algebraic subgroup isomorphic to U (see Remark 6.9).
Furthermore, Gm-surfaces come in three types with respect to the dynamical behavior of the Gm-
action: elliptic corresponding to the case where there is an attractive fixed point, parabolic where there
are infinitely many fixed points, and hyperbolic where there are finitely many non-attractive fixed points.
For a non-toric surface S admitting a Gm-action, the dynamical type is an invariant of the surface and
does not depend on the choice of the Gm-action ([FZ05b, Corollary 4.3]). In the case of surfaces whose
automorphism group contains algebraic subgroups isomorphic to Ga and Gm, the dynamical type is
preserved by isomorphisms of the automorphism groups.
Theorem 1.2. Let S and S′ be normal affine Gm-surfaces with S non-toric. Assume that there is a
non-trivial regular action of Ga on S. If there exists a group isomorphism ϕ : Aut(S)→ Aut(S
′), then
the Gm-surfaces S and S
′ are of the same dynamical type.
The presence of a Ga-action in Theorem 1.2 cannot be removed as is shown by Example 6.15 and
Example 6.16, where we exhibit a hyperbolic and an elliptic surface both having automorphism group
isomorphic to Gm. Note that most toric surfaces can have Gm-actions of all the dynamical types, so the
dynamical type is not an invariant of the surface anymore.
In a next step, we apply our techniques to the following question: is a toric variety uniquely determined
by its automorphism group? This question can be seen in the context of the Erlangen program of Felix
Klein, in which he suggested to understand geometrical objects through their groups of symmetries
([Kle93]). Note that in general it is impossible to characterize affine algebraic varieties by their groups
of regular automorphisms, since most of them have a trivial automorphism group. However, in the case
of toric surfaces the automorphism group is well-studied and large enough to determine the variety.
Theorem 1.3. Let S1 be an affine toric surface and let S2 be a normal affine surface. If Aut(S1) and
Aut(S2) are isomorphic as groups, then S1 and S2 are isomorphic.
An important class of elements in Aut(S), where S is an affine surface, are algebraic elements,
i.e. elements that are contained in an algebraic group (see Section 2.3). The main idea of the proof of
Theorem 1.1 and Theorem 1.3 is to consider an automorphism of an affine surface S as an element of
Bir(S), the group of birational transformations of S. We show that an element in Bir(S) is algebraic
if and only if an iterate of it is divisible (Theorem 3.1). From this purely group theoretical characteri-
zation we obtain that algebraic elements are preserved under group homomorphisms and we are able to
reconstruct the corresponding surfaces.
Much less is known about the group structure of Bir(X) if X is a variety of dimension greater than
two. Hence, we are not able to generalize Theorem 1.1 and Theorem 1.3 to arbitrary dimensions. How-
ever, the automorphism group of an affine variety comes with the additional structure of an ind-group
(see Section 2.1). We show that the automorphism group as an ind-group determines a toric variety in
most of the cases:
Theorem 1.4. Let X be an affine toric variety different from the algebraic torus, and let Y be a normal
affine variety. If Aut(X) and Aut(Y ) are isomorphic as ind-groups, then X and Y are isomorphic.
CHARACTERIZATION OF AFFINE VARIETIES WITH A TORUS ACTION 3
In fact, we show that toric varieties and their automorphism groups are uniquely determined by the
weights of their root subgroups (see Section 6.3). In the case of finite dimensional algebraic groups this
is a property of reductive groups [Spr98, Section 4.4].
Theorem 1.4 should be seen in the context of the results from [Kra17] (see also [Reg17]), which show
that the complex affine space is characterized by its automorphism group seen as an ind-group in the
category of not necessarily irreducible affine varieties. The assumption that X is not an algebraic torus
in Theorem 1.4 cannot be removed as shown by Example 6.17. We also remark that the normality condi-
tion in Theorem 1.1 and Theorem 1.3 cannot be removed as shown in [Reg17, Theorem 2]. However, in
the particular case of the two-dimensional affine space, one can remove the normality hypothesis (Theo-
rem 6.2). In Section 5 we will deduce from Theorem 1.1 an algebraic analogue to a result of Filipkiewicz
([Fil82]) about isomorphisms between groups of diffeomorphisms of manifolds without boundary.
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2. AUTOMORPHISMS AND BIRATIONAL TRANSFORMATIONS OF AFFINE VARIETIES
In this section we recall some results that we will need about automorphisms and birational transfor-
mations of normal affine varieties.
2.1. Ind-groups. The notion of an ind-group was introduced by Shafarevich, who called these objects
infinite dimensional groups, see [Sha66]. We refer to [FK18] for an overview of the topic.
Definition 2.1. An ind-variety is a set V together with an ascending filtration V0 ⊂ V1 ⊂ V2 ⊂ . . . ⊂ V
such that the following conditions are satisfied:
(1) V =
⋃
k≥0 Vk;
(2) each Vk has a structure of an algebraic variety;
(3) for every k ∈ Z≥0, the embedding Vk ⊂ Vk+1 is closed in the Zariski-topology.
Note that in particular every algebraic variety X is an ind-variety by setting Xk := X for all k. A
morphism between ind-varieties V =
⋃
k Vk and W =
⋃
mWm is a map ϕ : V → W such that for any
k there is anm ∈ Z≥0 such that ϕ(Vk) ⊂ Wm and such that the induced map Vk → Wm is a morphism
of algebraic varieties. An isomorphism of ind-varieties is defined in the usual way. An ind-variety V
can be equipped with a topology: a subset S ⊂ V is open if Sk := S ∩ Vk ⊂ Vk is open for all k. A
locally closed subset S ⊂ V has the natural structure of an ind-variety and is called an ind-subvariety.
An ind-variety V is called affine if all the Vk are affine varieties.
Definition 2.2. An affine ind-variety G is called an ind-group if the underlying setG is a group such that
the map G×G→ G, defined by (g, h) 7→ gh−1, is a morphism of ind-varieties.
Of course, ind-groups can be defined in a more general way, but since in this paper we only deal with
ind-groups whose underlying ind-variety is affine, we go with this more restrictive definition.
A closed subgroup H of G is again an ind-group under the closed ind-subvariety structure on G. A
closed subgroup H of an ind-group G is called an algebraic subgroup if H is contained in some filter
set Gk of G. It then follows that the ind-group structure induces the structure of an algebraic group on
H and that the inclusion H →֒ G is a homomorphism of ind-groups. Note that with our definition of
ind-groups, algebraic subgroups are always linear.
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Theorem 2.3 ([FK18, Theorem 0.3.1], [Sta13, Theorem 3.7]). LetX be an affine variety. Then Aut(X)
has the structure of an ind-group such that for any algebraic group G, there is a natural correspondence
between regular G-actions onX and ind-group homomorphisms G→ Aut(X).
In particular, if G is an algebraic group acting regularly and faithfully on X, then we can consider G
as an algebraic subgroup of Aut(X). We will sometimes implicitly switch between these two points of
view.
The following observation will turn out to be useful:
Lemma 2.4. Let U ⊂ Aut(X) be a commutative subgroup that coincides with its centraliser. Then U is
a closed subgroup of Aut(X).
Proof. Let u ∈ U and define Gu = {g ∈ Aut(X) | gu = ug}. Since ug = gu is a closed condition
on each filter set, we obtain that Gu ⊂ Aut(X) is a closed subgroup. Hence, ∩u∈UGu = U is closed in
Aut(X). 
2.2. The Zariski topology on Bir(X). LetX be a variety and denote by Bir(X) its group of birational
transformations. Blanc and Furter show in [BF13] that Bir(Pn) is not an ind-group. However, it still
comes with the so-called Zariski topology, which has been introduced by Demazure ([Dem70]). Let A
be a variety and let
f : A×X 99K A×X
be an A-birational map, i.e. f is the identity on the first factor, that induces an isomorphism between
open subsets U and V of A×X such that the projections from U and from V to A are both surjective.
From this definition it follows that each a ∈ A defines an element in Bir(X) and we obtain a map
A → Bir(X). A map of this form is called a morphism. The Zariski topology is now defined to be the
finest topology on Bir(X) such that all the morphisms A → Bir(X) for all varieties A are continuous
with respect to the Zariski topology on A. For all g ∈ Bir(X) the maps Bir(X) → Bir(X) given by
x 7→ x−1, x 7→ g ◦ x and x 7→ x ◦ g are continuous.
Assume thatX is the projective n-space Pn. With respect to homogeneous coordinates [x0 : · · · : xn],
an element f ∈ Bir(P2) is given by [x0 : · · · : xn] 7→ [f0 : · · · : fn], where the fi ∈ C[x0, . . . , xn] are
homogeneous polynomials of the same degree d without a non-constant common factor. We call d the
degree of f .
2.3. Algebraic subgroups of Bir(X) and Aut(X). An algebraic subgroup of Bir(X) is the image of
an algebraic group G by a morphism G → Bir(X) that is also an injective group homomorphism. An
element g ∈ Bir(X) is called algebraic if g is contained in an algebraic subgroup of Bir(X). On the
other hand, an element g ∈ Aut(X) is algebraic if it is contained in an algebraic subgroup G of Aut(X)
with respect to its ind-group structure. The following results, which follow from Weil’s regularization
theorem, show that the two notions coincide for automorphisms of affine varieties.
Proposition 2.5 ([Kra18, Theorem 2]). Let X be an affine variety and ρ : G → Bir(X) a rational G-
action onX. If there is a dense subgroup H ⊂ G such that ρ(H) ⊂ Aut(X), then the action of G onX
is regular.
Corollary 2.6. Let X be an affine variety and g ∈ Aut(X). Then g is algebraic in Bir(X) if and only
if g is algebraic in Aut(X).
Proof. If g is algebraic in Aut(X), then g is contained in an algebraic subgroup G ⊂ Aut(X), which
is, by definition, also an algebraic subgroup of Bir(X). On the other hand, assume that g is algebraic
in Bir(X). Then g is contained in an algebraic group G ⊂ Bir(X) that acts rationally on X. Hence
〈g〉 ⊂ Bir(X) is also an algebraic subgroup. By Proposition 2.5, 〈g〉 acts regularly onX and hence, g is
algebraic in Aut(X). 
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3. CHARACTERIZATION OF ALGEBRAIC ELEMENTS ON SURFACES
3.1. Divisibility in the Cremona group. Recall that an element f in a group G is called divisible by n
if there exists an element g ∈ G such that gn = f . An element is called divisible if it is divisible by all
n ∈ Z+. We use divisibility in order to characterize algebraic elements in Bir(S) for surfaces S:
Theorem 3.1. Let S be a surface and f ∈ Bir(S). Then the following two conditions are equivalent:
(a) there exists a k > 0 such that fk is divisible;
(b) f is algebraic.
In order to prove Theorem 3.1, we need some results from dynamics of birational transformations
of surfaces. Let H be an ample divisor class on S and denote by f∗H the total transform of H under
f ∈ Bir(S). The degree of f with respect toH is defined as
degH(f) = f
∗H ·H.
If f is an element in Bir(P2) and H the class of a hypersurface, then degH(f) = deg(f), the degree we
have defined in Section 2.2. LetH1 andH2 be two different ample divisors. Then there exists a constant
C > 0 such that
1
C
degH1(f) ≤ degH2(f) ≤ C degH1(f)
for all f ∈ Bir(S) (see for example [Dan17, Theorem 1(2)]).
If we fix an ample divisor H on S, we can associate to each f ∈ Bir(S) its degree sequence
{degH(f
n)}n∈Z+ . The growth of the degree sequence of a birational transformation carries informa-
tion about its dynamical behavior. The following Theorem 3.2 is crucial for the understanding of groups
of birational transformations in dimension two. It has been developped in various papers. We refer to
[Can15, Theorem 4.6, Theorem 5.4] for the version we state below and detailed references to its proof.
Theorem 3.2 (Gizatullin; Diller, Favre; Blanc; Cantat ([Giz80, DF01, Can15, BC16])). Let S be a
projective surface, H an ample divisor on S and f ∈ Bir(S) a birational transformation. Then we are
in exactly one of the following cases:
(a) the sequence {degH(f
n)}n∈Z+ is bounded, which is equivalent to f being algebraic;
(b) degH(f
n) ∼ cn for some constant c > 0 and f preserves a rational fibration;
(c) degH(f
n) ∼ cn2 for some constant c > 0 and f preserves an elliptic fibration;
(d) degH(f
n) ∼ cλn for some constant c > 0, where λ is a Pisot or Salem number.
Blanc and De´serti gave lower bounds for the constant c appearing in the cases (b) and (c) of Theo-
rem 3.2 if the surface S is rational:
Theorem 3.3 ([BD15, Theorem C]). Let f ∈ Bir(P2) and let H be the divisor class of a line. Assume
that degH(f
n) ∼ cn, then c ≥ 1/2.
We also need the following:
Theorem 3.4 ([BC16, Corollary 4.7]). Let S be a projective surface with an ample divisor H and
f ∈ Bir(S) such that deg(fn) grows exponentially with n. Then the centralizer of f equals 〈f〉 up to
finite index.
Theorem 3.3 can be generalized to non-rational surfaces of negative Kodaira dimension:
Lemma 3.5. Let S = C × P1, where C is a smooth projective, non-rational curve. Then there exists an
ample divisor class H on S such that for all f ∈ Bir(S) we are in one of the following cases:
(a) the sequence {degH(f
n)}n∈Z+ is bounded and f is algebraic;
(b) degH(f
n) ∼ cn for some constant c ≥ 1/2.
To prove Lemma 3.5, we need some birational geometry. Let f be a birational transformation of a
projective surface S. Whenever we speak of base-points, we consider both, proper and infinitely near
base-points. A base-point p of f is called persistent if there exists an integerN such that p is a base-point
6 ALVARO LIENDO, ANDRIY REGETA, AND CHRISTIAN URECH
of fk for all k ≥ N but p is not a base-point of f−k for any k ≥ N . In [BD15, Proposition 3.5], the
authors show that f has no persistent base-points if and only if f is conjugate to an automorphism of a
smooth projective surface. Another important fact from [BD15] is the following:
Theorem 3.6 ([BD15, Proposition 3.4]). Let S be a smooth projective surface and f ∈ Bir(S). Denote
by b(fn) the number of base-points of fn. Then there exists a non-negative integer ν such that the set
{b(fn)− nν | n ≥ 0} ⊂ Z is bounded.
Proof of Lemma 3.5. Since C is not rational, f preserves the P1-fibration given by the first projection.
We have Pic(S) ≃ Pic(C) ⊕ Pic(P1), where the embedding of Pic(C) into Pic(S) is given by the
pullback of the first projection π1 : S → C and the embedding of Pic(P
1) into Pic(S) by the pullback
of the second projection π2 : S → P
1. Let P ∈ Pic(C) and Q ∈ Pic(P1) be the divisor class of a single
point in C and P1, respectively and let FP := π
∗
1P and L := π
∗
2Q in Pic(S). Define the ample divisor
H := FP + L.
If {degH(f
n)}n∈Z+ is bounded, then f is algebraic, by Theorem 3.2. Assume now that the degree-
sequence {degH(f
n)}n∈Z+ is unbounded. Since f preserves the fibration given by the first projection,
we have that f∗FP = FP ′ , where P
′ ∈ Pic(C) is the divisor class of another point in C . Moreover, we
have (fn)∗L = L +D, for some D ∈ Pic(C) and hence (fn)∗(FP + L) = L + FP ′ +D. It follows
that degH(f
n) = (fn)∗(FP + L) · (FP + L) = deg(D) + 2 and therefore deg(D) = degH(f
n) − 2.
We obtain that the total transform (fn)∗L has self-intersection ((fn)∗L) · ((fn)∗L) = 2deg(D) + 2 =
2(degH(f
n)− 1). Since f preserves the P1-fibration, all base-points have multiplicity one. The divisor
class L has self-intersection 0, hence we obtain that fn must have 2(degH(f
n) − 1) base-points. By
Theorem 3.6, the number of base-points of fn grows asymptotically like Kn for some integer K , hence
degH(f
n) grows asymptotically like (K/2)n. 
Lemma 3.7. Let n > 0 and A ∈ GLn(Z) an element such that A
k is divisible for some k 6= 0. Then A
is of finite order.
Proof. It is enough to show that there exists no divisible element of infinite order in GLn(Z). Let
B ∈ GLn(Z) be of infinite order. For a prime p let ϕp : GLn(Z) → GLn(Fp) be the homomorphism
given by reduction modulo p. We may choose p such that B is not contained in the kernel of ϕp. The
image ϕp(B) is then not divisible by k := |GLn(Fp)|. Hence, B is not divisible by k. 
Lemma 3.8. Let X be a projective variety and f ∈ Aut(X) an element such that fk is divisible for
some k ∈ Z>0. Then f is algebraic.
Proof. The kernel of the action of the group Aut(S) on the Neron-Severi lattice NS(X) is an algebraic
group (see for example [Bri18]). Hence we obtain a group homomorphism ρ : Aut(X) → GLn(Z),
where n is the Picard rank of X and ker(ρ) is an algebraic group. So if fk ∈ Bir(X) is a divisible
element, then Lemma 3.7 shows that fn is contained in the kernel of ρ for some n > 0. In particular, f
is algebraic. 
Lemma 3.9. Let S be a projective surface of non-negative Kodaira dimension and f ∈ Bir(S). If fk is
divisible for some k 6= 0, then f is algebraic.
Proof. Since the Kodaira dimension of S is non-negative, there exists a unique minimal model S′ in
the birational equivalence class of S and we have Bir(S) = Bir(S′) = Aut(S′) (see [Bad01, Corol-
lary 10.22]). The proof now follows from Lemma 3.8. 
Lemma 3.10. Let f ∈ Bir(P2) be an element such that deg(fn) ∼ cn2. Then fk is not divisible for all
k > 0.
Proof. If deg(fn) ∼ cn2, then f is conjugate to an automorphism of a Halphen surface, i.e. a smooth
projective surface S such that the linear system | −mKS | is one-dimensional, has no fixed component,
and is base-point free (see for example [CD12, Section 2] for details). In this case, | − mKS | defines
the unique pencil of elliptic curves that is preserved by f . Let g ∈ Bir(S) ≃ Bir(P2) and n ∈ Z>0 be
such that gn = f . Since deg(gn) ∼ c′n2 for some constant c′ > 0, the transformation g and therefore
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gn preserve a unique pencil of elliptic curves, which therefore has to be | −mKS |. In particular, since
−mKS has self-intersection 0, we obtain that g preserves KS and is therefore an automorphism of S.
In other words, all elements in Bir(S) that divide f are automorphisms of S. Hence, for all k > 0 we
have that fk is divisible in Bir(S) if and only if f is divisible in Aut(S). So if fk is divisible, then fk is
algebraic by Lemma 3.8, which is a contradiction to {deg(fn)} being unbounded. 
Lemma 3.11. Let S be a projective surface and f ∈ Bir(S) an element such that fk is divisible for
some k > 0. Then f is algebraic in Bir(S).
Proof. First we consider the case, where S is rational. Let f ∈ Bir(S) and H an ample divisor on S. If
f is of finite order, then f is algebraic. So we may assume that f is of infinite order. We consider the
four cases, given by Theorem 3.2. If {degH(f
n)} is bounded, Theorem 3.2 implies that f is algebraic.
If deg(fn) ∼ cn, assume that there is a g ∈ Bir(P2) and a l ≥ 0 such that gl = f . It follows that
degH(g
n) ∼ cln. By Theorem 3.3, the constant c has to be at least 1/2, so l ≤ 2c and f is only
divisible by finitely many integers l.The case degH(f
n) ∼ cn2 is not possible by Lemma 3.10. Finally,
if deg(fn) ∼ cλn, we observe that every element that divides f centralizes f . By Theorem 3.4, there are
only finitely many elements g ∈ Bir(P2) that divide f and the same holds for any iterate of f .
If S is non-rational and of Kodaira dimension −∞, we use Lemma 3.5 and proceed with a similar
argument as in the rational case.
If S is of Kodaira dimension ≥ 0, the result follows from Lemma 3.9. 
An algebraic group H is called anti-affine if O(H) = C. If G is an arbitrary connected algebraic
group, there exists a central anti-affine group Gant ⊂ G such that G/Gant is linear (see [Bri09]). Denote
by Ga the additive group (C,+) of the field of complex numbers.
Lemma 3.12. Let G be an algebraic group and g ∈ G. Then there exists a k > 0 such that gk is
divisible.
Proof. We may assume that G is connected. If G is linear, consider the Zariski-closure A := 〈g〉, which
is a commutative subgroup of G. Hence, A ≃ Gn1m × G
n2
a × H , for some n1 ≥ 0, n2 ∈ {0, 1} and a
finite group H . Let k be the order of H . Then gk is contained in U ≃ Gn1m ×G
n2
a × {id} ⊂ A, which is
a group in which every element is divisible.
LetGant ⊂ G be a central anti-affine group such that G/Gant is linear. By [Bri09, Lemma 1.6], every
element in Gant is divisible. Let now g ∈ G be arbitrary. As G/Gant is linear there exists a k such that
the class of [gk] is divisible in G/Gant, i.e. for every n ≥ 0 there exists an element f ∈ G such that
fnh = gk for some h ∈ Gant. Since Gant is divisible, there is a h
′ ∈ Gant satisfying h
′n = h and hence
(fh′)n = gk , i.e. gk is divisible. 
Proof of Theorem 3.1. By Lemma 3.11, if for f ∈ Bir(S) there exists a k > 0 such that fk is divisible,
then f is algebraic. On the other hand, let f ∈ Bir(S) be an algebraic element. Then f is contained in
an algebraic subgroup G ⊂ Bir(S). By Lemma 3.12, we obtain that fk is divisible for some k > 0. 
With the help of Theorem 3.1 we are now able to prove one of the main tools of this paper:
Proposition 3.13. Let S1 and S2 be normal affine surfaces, ϕ : Aut(S1)→ Aut(S2) an abstract group
homomorphism and g ∈ Aut(S1) an algebraic element. Then ϕ(g) is an algebraic element in Aut(S2).
Proof. The element g is algebraic in Aut(S1) and therefore a power of g divisible. Since divisibility
is preserved by group homomorphisms, we obtain that ϕ(g) is divisible in Aut(S2). Therefore, by
Theorem 3.1, ϕ(g) is algebraic in Bir(Y ). Corollary 2.6 implies that ϕ(g) is algebraic in Aut(S2). 
4. ROOT SUBGROUPS OF AFFINE VARIETIES
4.1. Root subgroups. In this section we describe root subgroups of Aut(X) for a given affine variety
X with respect to a torus.
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Definition 4.1. Let T ⊂ Aut(X) be a torus in Aut(X), i.e. a closed algebraic subgroup isomorphic to
a torus. A closed subgroup U ⊂ Aut(X) isomorphic to Ga is called a root subgroup with respect to T if
the normalizer of U in Aut(X) contains T .
Since Ga contains no non-trivial closed normal subgroups, every non-trivial regular action is faithful.
Hence such a subgroup U is equivalent to a non-trivial normalized Ga-action on X, i.e. a Ga-action on
X whose image in Aut(X) is normalized by T .
Let U ⊂ Aut(X) be a root subgroup with respect to T . Since T is in the normalizer, we can define
an action ϕ : T → Aut(U) of T on U given by t.s = t ◦ s ◦ t−1 for all t ∈ T and s ∈ U . Furthermore,
since Aut(U) ≃ Gm, such an action corresponds to a character of the torus χ : T → Gm, which does
not depend on the choice of automorphism between Aut(U) and Gm. This character is called the weight
character of U . The algebraic subgroups T and U span an algebraic subgroup in Aut(X) isomorphic to
Ga ⋊χ T .
Assume that the algebraic torus T acts linearly and regularly on a vector space A of countable dimen-
sion. We say that A ismultiplicity-free if the weight spaces Aχ are all of dimension less or equal than one
for every character χ : T → Gm of the torus T . In our proof of Theorem 1.4, we will use the following
lemma that is due to Kraft:
Lemma 4.2 ([Kra17, Lemma 6.2]). Let X be a normal affine variety and let T ⊂ Aut(X) be a torus. If
there exists a root subgroup U ⊂ Aut(X) with respect to T such that O(X)U is multiplicity-free, then
dimT ≤ dimX ≤ dimT + 1.
Additive group actions, or, equivalently, unipotent one-parameter subgroups on affine varieties can be
described by a certain kind of derivations. We recall some of the basics here (see [Fre06] for details). Let
λ : Ga → Aut(X) be a Ga-action on an affine variety X. This action induces a derivation on the level
of regular functions by
δλ : O(X)→ O(X), f 7→
[
d
ds
λ(s)∗(f)
]
s=0
,
where Ga = Spec(C[s]). This derivation has the property that for every f ∈ O(X) there exists an
ℓ ∈ N with δℓλ(f) = 0. Derivations having this property are called locally nilpotent. Furthermore, every
Ga-action onX arises from such a locally nilpotent derivation δ and the Ga-action αδ : Ga×X → X is
recovered from δ via
(αδ(s))
∗ : O(X)→ O(X)[s], f 7→ exp(sδ)(f) :=
∞∑
i=0
siδi(f)
i!
.
Let T ⊆ Aut(X) be an algebraic torus. The choice of such a T is equivalent to fixing anM -grading on
the ring O(X) of regular functions, whereM is the character lattice of the torus. We follow the standard
convention to consider M as an abstract additive lattice and to denote the character corresponding to
m ∈M by χm.
Recall that a linear map δ : A → B between M -graded C-vector spaces is called homogeneous if
there exists an e ∈ M such that for every homogeneous element f of degree m, the image δ(f) is
homogeneous of degreem+ e. We call the element e ∈M the degree of δ and denote it by deg δ.
The next proposition states that root subgroups are in one to one correspondence with locally nilpotent
derivations that are homogeneous with respect to the M -grading of O(X). A proof can be found in
[Lie11, Lemma 2].
Proposition 4.3. Let X be an affine variety and fix a torus T ⊆ Aut(X). The unipotent one-parameter
subgroup corresponding to a locally nilpotent derivation δ on O(X) is a root subgroup with respect to
T if and only if it is homogeneous with respect to theM -grading onO(X) given by T . The weight of the
corresponding root subgroup is χdeg δ.
We will also use the following result from [ML98, Lemma 3] and its generalization in [Lie10, Lem-
ma 1.10]:
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Lemma 4.4. If a variety X admits a non-trivial Ga-action, then Aut(X) contains root subgroups with
respect to any torus T ⊂ Aut(X).
4.2. Root subgroups of affine toric varieties. An affine toric variety is a normal affine variety endowed
with a faithful action of an algebraic torus T that acts with an open orbit. An affine toric variety X is
called non-degenerate if it has no torus factor, i.e. if it is not isomorphic to Y × A1∗ for some variety Y ,
where A1∗ = A
1 \ {0}.
In this section we first recall the well known description of affine toric varieties by means of strongly
convex rational polyhedral cones, details can be found in reference texts about toric geometry such as
[Oda88, Ful93, CLS11]. Then we provide a description of root subgroups of the automorphism group of
an affine toric variety.
Let M and N be dual lattices of rank n and consider the duality pairing M × N → Z, defined by
(m, p) 7→ 〈m, p〉 = p(m). Let MR = M ⊗Z R and NR = N ⊗Z R be the corresponding real vector
spaces and let T be the algebraic torus T = SpecC[M ] = N ⊗Z C
∗ ≃ Gnm. With this choice, M is the
character lattice of T and N the lattice of 1-parameter subgroups of T .
By a well known construction, affine toric varieties can be described via strongly convex rational
polyhedral cones in the vector space NR. Let σ be a strongly convex rational polyhedral cone in NR and
let C[σ∨ ∩M ] be the semigroup algebra C[σ∨ ∩M ] =
⊕
m∈σ∨∩M Cχ
m, where the multiplication rule
is given by χm · χm
′
= χm+m
′
and χ0 = 1. In the following, we denote σ∨ ∩M by σ∨M .
The main result about affine toric varieties is that Xσ := SpecC[σ
∨
M ] is an affine toric variety, where
the comorphism α∗ : C[σ∨M ]→ C[M ]⊗C C[σ
∨
M ] of the T -action is given by χ
m 7→ χm ⊗ χm. Further-
more, every affine toric variety arises via this construction.
We now describe root subgroups of the automorphism group of a toric variety. Let σ ⊆ NR be a
strongly convex rational polyhedral cone. Following the usual convention, we identify a ray ρ ⊆ σ with
its shortest non-trivial vector, called its primitive vector. The set of all the rays of σ is denoted by σ(1).
Definition 4.5. We say that a lattice vector α ∈ M is a root of σ if there exists ρα ∈ σ(1) such that
〈α, ρα〉 = −1 and 〈α, ρ〉 ≥ 0, for every ρ ∈ σ(1) different from ρα. We call the ray ρα the distinguished
ray of the root α. We denote byR(σ) the set of all roots of σ and byRρ(σ) the set of all roots of σ with
distinguished ray ρ.
Let α ∈ R(σ). One checks that the linear map given by
δα : C[σ
∨
M ]→ C[σ
∨
M ], χ
m 7→ 〈m,ρα〉 · χ
m+α
is a homogeneous locally nilpotent derivation of the algebra C[σM ]. Furthermore, it was proven im-
plicitly in [Dem70] and explicitly in [Lie10, Theorem 2.7] that every homogeneous locally nilpotent
derivation of the algebra C[σ∨M ] arises this way. We summarize these results in the following proposi-
tion.
Proposition 4.6. Let Xσ be the affine toric variety given by a strongly convex rational polyhedral cone
σ ⊂ NR. The root subgroups of Aut(Xσ) with respect to T are in one to one correspondence with the
roots of the cone σ. The correspondence is given by assigning to every α ∈ R(σ) the root subgroup
whose homogeneous locally nilpotent derivation is δα with weight χ
α.
From Proposition 4.6 it follows that if the root subgroups corresponding to δα and δα′ have the same
distinguished ray, the corresponding derivations have the same kernel, and therefore the two root sub-
groups commute in this case. The following corollary follows directly from Proposition 4.6 since all tori
of dimension dimXσ in Aut(Xσ) are conjugate for an affine toric variety Xσ (see [Dem82], [Gub98],
and also [BH03]).
Corollary 4.7. Let Xσ be an affine toric variety and let T ⊂ Aut(Xσ) be any maximal torus. Then all
the root subgroups ofAut(Xσ)with respect to T have different weights. Moreover, ifX is not isomorphic
to a torus, then it has infinitely many root subgroups.
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4.3. Root subgroups of affine toric surfaces. In this section we prove our first main result stated in
Theorem 1.3. The next lemma is known and can, for example, be found in [KRvS19, Lemma 10].
Lemma 4.8. LetX be an affine toric variety and let T ⊂ Aut(X) be a torus of dimension dimX. Then
the centralizer of T in Aut(X) equals T .
Lemma 4.9. Let X be an affine variety and G,H ⊂ Aut(X) algebraic subgroups such that G normal-
izes H . Then GH ⊂ Aut(X) is an algebraic subgroup.
Proof. Let W1 ⊂ W2 ⊂ · · · be a filtration of the ind-group Aut(X). Since G and H are algebraic
subgroups of Aut(X), G ⊂ Wi, H ⊂ Wj for some i and j. Therefore, GH ⊂ WiWj ⊂ Wk for some
k. 
Lemma 4.10. Let G be a connected one-dimensional affine algebraic group. If G acts regularly and
non-trivially by algebraic group automorphisms on a connected one-dimensional affine algebraic group
H , then G ≃ Gm and H ≃ Ga.
If G acts regularly and non-trivially by algebraic group automorphisms on Gm × Ga or on (Gm)
2,
then G is isomorphic to Gm.
Proof. Every connected one-dimensional affine algebraic group is isomorphic to Gm or to Ga. The
proof of the first part of the statement follows now directly from the fact that the group of algebraic
group automorphisms of Gm is isomorphic to Z/2Z and the group of algebraic group automorphisms of
Ga is isomorphic to Gm.
Every algebraic group automorphism of Gm × Ga is of the form (x, y) 7→ (x
±1, c(x, x−1)y), where
c(x, x−1) ∈ C[x, x−1]∗ is an invertible function on Gm. In particular, there is no non-trivial Ga-action
by algebraic group automorphisms on Gm ×Ga.
Since the group of algebraic group automorphisms of (Gm)
2 is isomorphic to GL2(Z), no one-
parameter group acts on (Gm)
2 by algebraic group automorphisms. 
Let Gd,e = 〈g〉 be the cyclic subgroup of order d of Aut(A
2) that is given by g : (x, y) 7→ (ξex, ξy),
where ξ is a d-th primitive root of unity, 0 ≤ e < d and (e, d) = 1. Every affine toric surface is either
isomorphic to A1∗ × A
1
∗, to A
1 × A1∗, or to some Xd,e = A
2/Gd,e. Furthermore, the toric surface Xd,e
is described in standard correspondence between toric varieties and convex polyhedral rational cones
by the cone σ spanned by ρ1 = β
∗
2 and ρ2 = dβ
∗
1 − eβ
∗
2 in NR, where {β
∗
1 , β
∗
2} is a Z-basis of the
1-parameter subgroup lattice N of the 2-dimensional torus ([CLS11, Proposition 10.1.3]). Let {β1, β2}
be the corresponding dual Z-basis of the character lattice M of the 2-dimensional torus. By [CLS11,
Proposition 10.1.3] we have the following lemma:
Lemma 4.11. The toric surface Xd,e is isomorphic to Xd′,e′ if and only if d
′ = d, and e = e′ or ee′ = 1
mod d.
For the proof of Theorem 1.3 we need to describe the characters of root subgroups of the automor-
phism groups of affine toric surfaces Xd,e. By Proposition 4.6, root subgroups of the automorphism
group of a toric variety are uniquely determined by their weight characters. Let e′ and a be the unique
integers with 0 ≤ e′ < d such that (e′, d) = 1 and ee′ = 1 + ad. We have the following lemma.
Lemma 4.12. The weight characters of the root subgroups of Aut(Xd,e) are:
• with distinguished ray ρ1 the characters χ
α with α = −β2 + l · β1, for all l ∈ Z≥0; and
• with distinguished ray ρ2 the characters χ
α with α = (aβ1 + e
′β2) + k · (eβ1 + dβ2), for all
k ∈ Z≥0.
Proof. By Proposition 4.6, weight characters χα correspond to vectors α ∈ M with 〈α, ρα〉 = −1 for
some ray ρα in σ(1) and 〈α, ρ〉 ≥ 0 for all the other rays. The ray ρα is called the distinguished ray. In
this case we have only two rays: ρ1 = β
∗
2 and ρ2 = dβ
∗
1−eβ
∗
2 . Assume that α is of the form c1β1+c2β2
and let ρ1 be a distinguished ray. Then we have c2 = −1 and c1d− c2e ≥ 0. This yields the first family
in the lemma. Let now ρ2 be the distinguished ray. Then we have c1d − c2e = −1 and c2 ≥ 0. A
straightforward computation yields the second family in the lemma. 
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4.4. Root subgroups of non-toric Gm-surfaces. A Gm-surface is a surface S together with a given
faithful regular Gm-action on S. In [FZ03] a classification of normal affine Gm-surfaces was given
and later this classification was generalized in [AH06, AHS08] to a classification of normal varieties
endowed with a torus action, the so called T-varieties. Recall that the complexity of a torus action is
the codimension of a general orbit of the torus T . The case of complexity zero corresponds to the usual
toric varieties. In this context, T-varieties of complexity one can be seen as a first generalization of toric
varieties. The case of Gm-surfaces is particularly well understood. In this section, we are interested in
root subgroups of affine Gm-surfaces. In [FZ05a] a complete classification of such root subgroups has
been given, which was later generalized to arbitrary affine T -varieties by the first author in [Lie10]. We
recall here the main features of the classification that we need in this paper.
Definition 4.13. The Gm-surfaces are classified according to the dynamical behavior of the Gm-action.
A Gm-surface is elliptic if the Gm-action has an attractive fixed point, parabolic if the Gm-action has
infinitely many fixed points and hyperbolic if the Gm-action has at most finitely many fixed points none
of which is attractive.
In more algebraic terms, aGm-action α : Gm×S → S on an affine surface S gives rise to a Z-grading
of the ring of regular functions given by
O(S) =
⊕
i∈Z
Ai, where Ai =
{
f ∈ O(S) | α∗(f) = ti · f
}
.
Elements in Ai are called the semi-invariants of weight i ∈ Z. In terms of the Z-grading, a Gm-
surface is hyperbolic if and only if there exist non-trivial semi-invariants with weights of different signs.
In this case the generic orbit-closures of Gm are isomorphic to A
1
∗. If all semi-invariants that are not
invariants have weights of the same sign, then the normalizations of the generic orbit-closures of Gm are
isomorphic to A1. If the only invariant functions are the constants, we are in the elliptic case. Finally, in
the parabolic case the ring of invariant functions has transcendence degree 1 and so there is a curve of
Gm-fixed points in the surface.
Our next goal is to prove a lemma stating that the centralizer of the acting torus T on a non-toric
affine Gm-surface is a finite extension of T . For the proof we need to introduce some terminology. Let
S be a normal quasi-projective Gm-surface. Recall that the isotropy group of a Gm-orbit of S is the
subgroup of Gm of elements fixing the orbit point-wise. Since the Gm-action is faithful, all but finitely
many 1-dimensional orbits have trivial isotropy. Assume that S admits a categorical quotient π : S → C
to a smooth curve C . Then each fiber of the quotient map is composed of a union of finitely many 1-
dimensional orbit closures since every fixed point of a Gm-action is contained in a 1-dimensional orbit
closure. We say that a fiber of the quotient map π−1(z), z ∈ C is special if it contains more than one
orbit closure or one orbit closure with non trivial isotropy.
Remark 4.14. Let S be a normal quasi-projective Gm-surface admitting a categorical quotient π : S →
C to a smooth curve C . It is straightforward to verify that if C admits a faithful Gm-action such that all
the points z lying below a special orbit π−1(z) are fixed, then this Gm-action lifts to S and so S is toric.
It turns out that the converse is also true by virtue of [AH06, Section 11].
Lemma 4.15. Let S be a non-toric normal affine Gm-surface and denote by T ⊂ Aut(S) the subgroup
isomorphic to Gm induced by the Gm-action. Then the centralizer Z of T in Aut(S) contains T as a
normal subgroup of finite index.
Proof. We first treat the parabolic and hyperbolic cases. In these cases C = S/T is a smooth affine
curve, because S is normal and Gm is reductive. In both cases, being non-toric implies by Remark 4.14
that C is either non-rational, or C is a proper subset of A1∗, or C = A
1
∗ and the quotient map has at least
one special fiber, or C = A1 and the quotient map has at least two special fibers.
In the elliptic case, it is well known that S is smooth if and only if S is the affine space (see [KR82,
Theorem 2.5]) and this is excluded since it is toric. It follows that every automorphism of S must fix
the only fixed point 0¯ that is also the only singular point of S. Hence, every automorphism induces an
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automorphism of S0 = S \ {0¯} . In this case, there is also a categorical quotient π : S0 → C to a
smooth projective curve C . In this case, being non-toric by Remark 4.14 implies that C is non-rational
or C = P1 and the quotient map π has at least three special fibers.
In all the three cases, the centralizer Z of T induces an action on the categorical quotient C . Let G be
the image of the centralizer action in Aut(C). We will show that G is finite. If C is a proper subset of
A1∗, or C is non-rational, or C is not an elliptic curve, then Aut(C) is already finite. Assume first that C
is rational. Let F ⊂ C be the image of the special fibers of π in C . This set F must be preserved by G.
Hence, G is a finite group since it fixes a finite set of cardinality at least one if C = A1∗, cardinality at
least two if C = A1 and cardinality at least three if C = P1. Assume now that C is an elliptic curve. If
F is non empty, then it is preserved by G. Again it follows that G is finite since the automorphism group
of an elliptic curve fixing a point is finite.
The only remaining case is the case where there are no special fibers and the quotient curve is elliptic.
This case was already studied by Demazure in [Dem88, Theorem 3.5]. The surface S is isomorphic to
the ring of sections of an ample divisor D on C , i.e.,
S = Spec
⊕
i∈Z>0
Ai, where Ai = H
0(C,OC (iD)) .
Now, by [AH06, Corollary 8.9], elements in the image G ⊂ Aut(C) of the centralizer Z are in one-
to-one correspondence with automorphisms ϕ : C → C such that D is linearly equivalent to ϕ∗(D).
By definition, D is linearly equivalent to ϕ∗(D) if and only of D − ϕ∗(D) is principal. Since the
automorphism group of the elliptic curve consists of translations up to finite index, so we only need to
consider translations in order to prove that G is finite. Let ϕp be the translation by an element p in the
elliptic curve C . We claim that D−ϕ∗p(D) is principal if and only of p is the identity e ∈ C . This claim
implies that G is finite since it is contained in the automorphisms of C that fix e. To prove the claim
we first note that the isomorphism of an elliptic curve C → Pic0(C) into the connected component of
its Picard scheme is given by p 7→ [p] − [e], where e ∈ C is the identity. This yields that [p + q] is
mapped to [p]+ [q]− [e] and now a straightforward computation yields D−ϕ∗p(D) is linearly equivalent
to deg(D) · ([e]− [p]). Now, this last divisor is principal if and only if p = e. This proves the claim.
To conclude the proof, remark that the generic fibers of the categorical quotient are always affine
rational curves endowed with a T -action. This yields the following exact sequence 0 → H → Z →
G → 0, where the elements in H ⊂ Aut(S) preserve the fibration S → S/T fiberwise. Since H
commutes with T and the generic fibers are rational curves, we obtain that H = T . 
In the sequel, we will require the following corollary of the above lemma.
Corollary 4.16. If Ga ×Gm acts faithfully on a normal affine surface X, then X is toric.
In this section we are only interested in root subgroups of non-toric Gm-surfaces. This considerably
restricts the root subgroups we encounter. In the elliptic case, by [FZ05a, Theorem 3.3] only toric
surfaces admit root subgroups in their automorphism group. In the non-toric parabolic case, by [FZ05a,
Theorems 3.12 and 3.16] the ring of invariants of any root subgroup equals the ring of Gm-invariants. In
the language of [FZ05a] and [Lie10] these root subgroups are called fiber type. Finally, in the hyperbolic
case, by [FZ05a, Lemma 3.20] the ring of invariants of any root subgroup intersected with the ring of
Gm-invariants is only the constants. In the language of [FZ05a] and [Lie10] these root subgroups are
called horizontal type.
Lemma 4.17. Let S be a non-toric Gm-surface. Then
(a) The surface S admits root subgroups of different weights if and only if S is hyperbolic.
(b) The surface S does not admit root subgroups of positive and negative weights with the same
generic orbits.
(c) If S is hyperbolic, then all root subgroups have different weights.
Proof. Recall that in the non-toric case, only parabolic and hyperbolic Gm-surfaces admit root sub-
groups. By [FZ05a, Theorem 3.12] all root subgroups of a parabolic surface have the same weight equal
CHARACTERIZATION OF AFFINE VARIETIES WITH A TORUS ACTION 13
to 1 or −1. Furthermore, in the hyperbolic case, given any root subgroup U with corresponding locally
nilpotent derivation δ we obtain another root subgroup U with different weight by considering the locally
nilpotent derivation f · δ where f is a non-constant element in ker δ that is also semi-invariant, but can
not be Gm-invariant, since the action is hyperbolic. This proves the first statement.
We now show (b). Assume now that S admits two root subgroups U and U ′ with the same generic
orbits and assume also that the weight of U is positive and the weight of U ′ is negative. By part (a),
we have that S is hyperbolic. Moreover, the conditions to have the same generic orbits implies that the
rings of invariants O(S)U andO(S)U
′
coincide. Furthermore, since U has positive weight, there exists a
non-trivial U -invariant f that is Gm-semi-invariant of positive degree n. Similarly, since U
′ has negative
weight, there exists a non-trivial U -invariant f ′ that is Gm-semi-invariant of negative degree −n
′. We
thus obtain that fn
′
(f ′)n is a non-trivial invariant by Gm and U . Since S is hyperbolic, we conclude that
fn
′
(f ′)n is a non-zero constant and so f is a unit that is Gm-semi-invariant of non-zero degree. Part (b)
now follows from [FZ05a, Corollary 3.27 (ii)]
The third statement follows directly from the main classification theorem for hyperbolic surfaces
[FZ05a, Theorem 3.22 (iii)] since the root subgroup is uniquely determined by its weight. 
5. AUTOMORPHISMS OF AUTOMORPHISM GROUPS OF TORIC SURFACES
In this section we look at group automorphisms of Aut(S), where S is a toric surface. Recall that all
toric surfaces are defined over the fieldQ of rational numbers ([Dem70]). Hence, all field automorphisms
τ of C induce a base-change and hence a permutation of the C-points of S. By conjugating elements in
Aut(S) by this permutation, we obtain a group automorphism of Aut(S), which, by abuse of notation,
we denote by τ as well. If G ⊂ Aut(S) is an algebraic subgroup, then τ(G) is, by base-change, again
an algebraic subgroup of Aut(S). Note that if τ(G) = G and if we chose any coordinates of G, then the
restriction of τ to G is just given by applying τ to the coordinates of G.
The goal of this section is to prove the following theorem:
Proposition 5.1. Let S be a toric surface and ϕ a group automorphism of Aut(S). Let G ⊂ Aut(S) be
an algebraic subgroup. Then ϕ(G) is again an algebraic group that is isomorphic to G.
Moreover, if S is not isomorphic to A1∗ × A
1
∗, then there exists a field-automorphism τ of C such that
the restriction of τ ◦ ϕ to G is an algebraic morphism.
In [De´s06] it is shown that all group automorphisms of Aut(A2) are inner up to automorphisms of the
base-field C. Note that this result and our Proposition 6.2 will imply directly the following observation
(which will not be used in the sequel):
Corollary 5.2. Let S be an affine surface and ϕ : Aut(A2) → Aut(S) a group isomorphism. Then
there exists an isomorphism f : A2 → S and a field automorphism τ of C such that ϕ(g) = fτ(g)f−1
for all g ∈ Aut(A2).
This corollary can be seen as an algebraic analogue to a result of Filipkiewicz ([Fil82]) about isomor-
phisms between groups of diffeomorphisms of manifolds without boundary.
Lemma 5.3. Let χ : Gm → Gm be a non-trivial character and ϕ : Gm ⋉χ Ga → Gm ⋉χ Ga be a group
automorphism. Then there exists a field automorphism τ : C→ C such that ϕ ◦ τ is inner.
Proof. Choose coordinates x and y of Gm and Ga respectively, so every element in Gm ⋉χ Ga is of the
form (x, y) and composition is given by (x, y)(x′, y′) = (xx′, χ(x)y′ + y). Every non-trivial normal
subgroup of Gm ⋉χ Ga contains Ga. Indeed, let N ⊂ Gm ⋉χ Ga be a non-trivial normal subgroup and
let (a, b) ∈ N \ id. Then for every (c, d) ∈ Gm ⋉χ Ga the element
(a, b)(c, d)(a, b)−1(c, d)−1 = (1, f)
is contained in N with f 6= 0 for general (a, b), (c, d). Now (c, 0)(1, f)(c−1 , 0) = (1, χ(c)f) and hence
Ga ⊂ N . With this characterization of Ga, it follows that ϕ(Ga) = Ga.
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Now assume that the restriction of ϕ to Gm is given by (a, 0) 7→ (ϕ1(a), ϕ2(a)), where ϕ1 : Gm →
Gm is a homomorphism of groups and ϕ2 : Gm → Gm a map such that ϕ2(ab) = χ(ϕ1(a))ϕ2(b) +
ϕ2(a). Since ab = ba we obtain χ(ϕ1(a))ϕ2(b) + ϕ2(a) = χ(ϕ1(b))ϕ2(a) + ϕ2(b) and hence
ϕ2(a)
χ(ϕ1(a))− 1
=
ϕ2(b)
χ(ϕ1(b))− 1
(5.1)
if ϕ1(a) and ϕ1(b) are not contained in the kernel of χ. By the observation above, the elements in
Gm ⋉χ Ga of the form (1, c) are contained in the image of Ga and therefore not in the image of Gm.
Since ϕ is an isomorphism, we hence get that ϕ1(a) = 1 if and only if a = 1.
One calculates for a 6= 1(
1,
ϕ2(a)
χ(ϕ1(a))− 1
)
(ϕ1(a), ϕ2(a))
(
1,−
ϕ2(a)
χ(ϕ1(a))− 1
)
= (ϕ1(a), 0) .
By Equation (5.1), the element
(
1, ϕ2(a)χ(ϕ1(a))−1
)
does not depend on a. So up to conjugation by an
element from Ga we may assume that ϕ(Gm) = Gm. Conjugating with a suitable element of Gm we
can moreover assume that ϕ(1, 1) = (1, 1).
Let ρ : C → C be the map such that ϕ(1, c) = (1, ρ(c)) and δ : C → C the map such that δ(0) = 0
and ϕ(c, 0) = (δ(c), 0) for c ∈ C∗. This yields ρ(a + b) = ρ(a) + ρ(b) and δ(cd) = δ(c)δ(d), since ϕ
is a homomorphism of groups. We calculate
(1, χ(δ(c))) = (δ(c), 0)(1, 1)(δ(c)−1 , 0) = ϕ(c, 0)ϕ(1, 1)ϕ(c−1 , 0) = ϕ(1, χ(c)) = (1, ρ(χ(c)))).
Since δ(χ(c)) = χ(δ(c)) for all c ∈ C∗ and since χ is non-trivial and therefore surjective, we obtain that
δ = ρ. For a, b, c ∈ Ga we have
(1, χ(c)(a + b)) = (c, 0)(1, a + b)(c−1, 0)
= (c, 0)(1, a)(c−1 , 0)(c, 0)(1, b)(c−1 , 0)
= (1, χ(c)a)(1, χ(c)b)
and therefore, again by surjectivity of χ, we obtain ρ(c(a + b)) = ρ(ca) + ρ(cb). So ρ is a field
automorphism. Hence the restriction of ρ−1(ϕ) to Gm and to Ga is the identity. We conclude that
ρ−1(ϕ) = id. This implies the claim. 
Lemma 5.4. Let S1 and S2 be two affine surfaces endowed with faithful regular actions of positive
dimensional tori T1 and T2 respectively such that T1 ⊂ Aut(S1) and T2 ⊂ Aut(S2) are maximal tori.
Assume that there is an isomorphism ϕ : Aut(S1) → Aut(S2) such that ϕ(T1) = T2. Then any root
subgroup of Aut(S1) with respect to T1 is sent by ϕ to a root subgroup of Aut(S2) with respect to T2.
Proof. If Aut(S1) contains no root subgroup, the lemma is trivially true. Otherwise, let U be a root
subgroup of Aut(S1) with respect to T1, then T1 acts on U with two orbits, namely {id} and U \ id.
Hence, ϕ(U) is a group normalized by T2 = ϕ(T1) which also acts on ϕ(U) with two orbits, which are
contained in a filter set of the ind-group Aut(S2). Since any orbit of the algebraic group action is open
in its closure, we obtain, by considering the dimension of the kernel of the actions, that ϕ(U)\{id} is an
irreducible quasi-affine curve. This implies that ϕ(U) = ϕ(U) is a connected one-dimensional algebraic
group. Since ϕ(U) contains at most one root of unity, ϕ(U) is isomorphic to Ga and normalized by
ϕ(T1) = T2. 
Proposition 5.5. Let S1 be an affine toric surface that is not isomorphic to A
1
∗ × A
1
∗ and let S2 be an
affine surface. Let T ⊂ Aut(S1) be a maximal torus. Assume that there is an isomorphism of groups
ϕ : Aut(S1)→ Aut(S2). Then we have the following:
• The image ϕ(T ) is a maximal torus of rank 2 in Aut(S2).
• The normalization of S2 is an affine toric surface that is not isomorphic to A
1
∗ × A
1
∗.
• If, moreover, S2 is normal, then it is isomorphic to A
1
∗ × A
1 if and only if S1 is isomorphic to
A1∗ × A
1.
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Proof. Since S1 is not isomorphic to A
1
∗ × A
1
∗, Aut(S1) contains two root subgroups U1 and U2 with
respect to the maximal torus T with different non-trivial weights χ1 and χ2, by Proposition 4.6. Since
χ1 and χ2 are different, the restriction of χ1 to ker(χ2) and the restriction of χ2 to ker(χ1) are both
surjective homomorphisms to Gm. Let t1 ∈ ker(χ1) be such that χ2(t1) = 2 and t2 ∈ ker(χ2) such that
χ1(t2) = 2. Let u1 ∈ U1 and u2 ∈ U2 be two non-identity elements. Then t1 commutes with u1 and t2
commutes with u2, but t1u2t
−1
1 = u
2
2 and t2u1t
−1
2 = u
2
2. We now observe that the two algebraic groups
〈ϕ(t1)〉
◦
and 〈ϕ(t2)〉
◦
(by Proposition 3.13, the elements ϕ(t1) and ϕ(t2) are algebraic) commute with
each other and do not coincide. For i ∈ {1, 2} the group 〈ϕ(ui)〉
◦
is isomorphic to Gnm × G
m
a , where
m ∈ {0, 1} and n ≤ 2. By Lemma 4.10, we have that 〈ϕ(ui)〉
◦
is not isomorphic to (Gm)
n. Moreover,
〈ϕ(ui)〉
◦
is not isomorphic to (Gm)
2 × Ga, since on a toric variety a maximal torus coincides with its
centralizer (Proposition 4.8). By applying again Lemma 4.10, we obtain that 〈ϕ(t1)〉
◦
and 〈ϕ(t2)〉
◦
each contain a subgroup isomorphic to Gm. By Proposition 4.8, ϕ(T ) = (Gm)
2, which proves the first
statement.
By definition, the normalization of S2 is a toric surface. Moreover, A
1
∗ × A
1
∗ is the only toric surface
such that its automorphism group normalizes its maximal torus. Since S1 is not isomorphic to A
1
∗ × A
1
∗
by assumption, Aut(S1) contains an element that does not normalize the maximal tours. By the first
statement of the proposition, Aut(S2) contains an element that does not normalize the maximal torus.
Since Aut(S2) is contained as a subgroup in the automorphism group of the normalization of S2, the
normalization of S2 is therefore not isomorphic to A
1
∗ × A
1
∗.
By Lemma 5.4, the isomorphism ϕ maps root subgroups of S1 with respect to T to root subgroups of
S2 with respect to ϕ(T ). We observe that A
1
∗ × A
1 is the only affine toric surface such that all its root
subgroups commute, and thus obtain the last statement of the lemma. 
Lemma 5.6. Let S be a toric surface not isomorphic to the algebraic torus and let ϕ be a group auto-
morphism of Aut(S). Then for any maximal torus T ⊂ Aut(S) and any root subgroup U ⊂ Aut(S) the
images ϕ(T ) and ϕ(U) are algebraic groups. Moreover, there exists a field automorphism τ of C such
that the restrictions of ϕ ◦ τ to T and U are isomorphisms of algebraic groups.
Proof. Since all maximal tori are conjugate in Aut(S), it is enough to show the statement for a fixed
maximal torus T ⊂ Aut(S). Let U1, U2, U3 ⊂ Aut(S) be root subgroups with respect to T ⊂ Aut(S)
with different weights χ1, χ2 and χ3. Define the three 1-dimensional subtori T1 = ker(χ1), T2 =
ker(χ2) and T3 = ker(χ3). Since the weights are different, the intersections Ti ∩ Tj are finite for i 6= j.
By Proposition 5.5, ϕ(T ) is a maximal torus of Aut(S). By Lemma 5.4, ϕ(U1), ϕ(U2) and ϕ(U3) are
again root subgroups with respect to the maximal torus ϕ(T ) and since the ϕ(Ti) commute with ϕ(Ui),
we obtain that the ϕ(Ti) are closed one-dimensional subtori of ϕ(T ). By Lemma 5.3, there exists a
field automorphism τ1 of C such that the restriction of ϕ ◦ τ1 to T1 ⋉χ3 U3 is an algebraic isomorphism.
Similarly, there exists a field automorphism τ2 of C such that the restriction of ϕ ◦ τ2 to T2 ⋉χ3 U3 is an
algebraic isomorphism. Since the restrictions of both, ϕ ◦ τ1 and ϕ ◦ τ2 to U3 are algebraic, we obtain
that τ1 = τ2 using that the identity is the only field automorphism inducing an algebraic homomorphism.
It follows that the restriction of ϕ ◦ τ1 to T1 and to T2 is algebraic. Since every element in T is a product
of an element of T1 with an element of T2, we obtain that the restriction of ϕ◦ τ1 to T . Let U be any root
subgroup with respect to T . Since T acts transitively on U \{id}, this implies that the restriction of ϕ◦τ1
to any root subgroup U is an isomorphism of algebraic groups to the algebraic group ϕ ◦ τ1(U). 
Lemma 5.7. Let ϕ be an automorphism of Aut(A1∗ × A
1
∗). Then ϕ maps algebraic groups to algebraic
groups.
Proof. It is enough to show the statement for connected groups. Recall that Aut(A1∗ × A
1
∗) ≃ T ⋊
GL2(Z), where we identify GL2(Z) with the group of monomial maps, i.e. transformations of the form
(x, y) 7→ (xayb, xcyd), for a matrix
[
a b
c d
]
∈ GL2(Z). First we note that ϕ(T ) = T . Indeed, consider
the projection π : Aut(A1∗×A
1
∗)→ GL2(Z). Since all elements in ϕ(T ) are divisible and since ϕ(T ) is
a maximal commutative subgroup, we obtain that ϕ(T ) = ker(π) = T .
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Set
M :=
[
1 1
0 1
]
∈ GL2(Z).
Consider the closed subgroup T0 = {t ∈ T | tM = Mt} ⊂ T . Direct calculations show that T0 =
{(t, 1) | t ∈ C∗} ≃ Gm. Hence,
ϕ(T0) = {t˜ ∈ ϕ(T ) | t˜ϕ(M) = ϕ(M)t˜}
is a closed one-dimensional subgroup of ϕ(T ) = T that is as an abstract group isomorphic to Gm and
hence connected. Thus, the image of T0 under the isomorphism ϕ is a closed connected subgroup of
Aut(A1∗ × A
1
∗).
Let now T ′ ⊂ T be any closed connected one-dimensional subgroup. Then T ′ is of the form
{(t1, t2) ∈ T | t
a
1t
b
2 = 1} for some integers a, b. Moreover, since T
′ is connected, we have gcd(a, b) = 1.
Let c, d ∈ Z be such that ad− bc = 1 and define
N :=
[
a b
c d
]
∈ GL2(Z).
One calculates that NT ′N−1 = T0. Therefore, the image ϕ(T
′) is conjugate to a connected closed
one-dimensional subgroup of T and is therefore itself closed, connected, and one-dimensional. For the
zero-dimensional and the two-dimensional closed connected subgroup of Aut(A1∗ × A
1
∗) the statement
is clear. 
Lemma 5.8. Let X,Y,Z be affine varieties, f : X → Y an abstract map and g : Z → X a surjective
morphism such that f ◦ g : Z → Y is a morphism. If Y is normal, then f is a morphism.
Proof. By Zariski’s main theorem, it is enough to show that the graph Γf ⊂ X ×Y is closed. Since h =
g ◦ f , the graph Γh ⊂ Z ×Y is closed. Consider the surjective morphism ρ : Z × Y → X × Y mapping
(z, y) to (g(z), y). Note that ρ(Γh) = Γf . Consider the Zariski-closure Γf of Γf . The projection
θ : Γf → X is surjective and Γf contains an open dense set U such that the restriction of θ to U is
injective. This implies, again by Zariski’s main theorem, that θ is surjective and therefore, since Γf and
X are affine, that θ is an isomorphism and hence that Γf = Γf . In particular, Γf is closed. 
Lemma 5.9. Let G and H be linear algebraic groups and let V1, . . . Vn ⊂ G be subgroups such that
G = V1 · · · · · Vn. If ϕ : G → H is a homomorphism of groups such that the restriction of ϕ to Vi is an
algebraic homomorphism for all i, then ϕ is an algebraic homomorphism.
Proof. We have to show that ϕ is a morphism. Consider the morphism h : V1 × · · · × Vn → H defined
by (v1, . . . , vn) 7→ ϕ(v1)ϕ(v2) . . . ϕ(vn) and the surjective morphism g : V1× · · ·×Vn → G defined by
(v1, . . . , vn) 7→ v1v2 . . . vn. Then h = ϕ ◦ g. Since h and g are morphisms and all the varieties involved
are normal, we obtain by Lenmma 5.8 that ϕ is a morphism. 
Let e and d be integers such that 1 ≤ e < d, (e, d) = 1 and let Xd,e = A
2/Gd,e be the corresponding
toric surface (see Section 4.3). Denote by Nd,e ⊂ Aut(A
2) the normalizer of Gd,e and define
Jonq+(A2) = {(αx + p(y), βx+ γ) | α, β ∈ C∗, p(y) ∈ C[y], γ ∈ C},
Jonq−(A2) = {(αx + γ, βx+ p(x)) | α, β ∈ C∗, p(x) ∈ C[x], γ ∈ C}.
Set N±d,e = Nd,e ∩ Jonq
±(A2). Define Nd,e as the normalizer of Gd,e in GL2(C) ⊂ Aut(A
2) and set
N±d,e = Nd,e ∩ Jonq
±. Note that N±d,e ⊂ N
±
d,e and by [AZ13, Section 4.1]
Nd,e =

GL2(C), if e = 1,
N(T ) = 〈T, τ〉 if e > 1 and e2 ≡ 1 mod d
T otherwise,
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where τ : (x, y) 7→ (y, x) is a twist and T is the maximal torus in GL(2,C) consisting of the diagonal
matrices. Denote by B± the Borel subgroup of all upper (lower, respectively) triangular matrices in
GL(2,C). Note that
N±d,e =
{
B±, if e = 1,
T otherwise.
Then, by [AZ13, Theorem 4.2] we have the following amalgamated product structures
Aut(Xd,e) ≃ N
+
d,e/Gd,e ∗T/Gd,e N
−
d,e/Gd,e, if e
2 6≡ 1 mod d,
Aut(Xd,e) ≃ N
+
d,e/Gd,e ∗N+
d,e
/Gd,e
Nd,e/Gd,e, if e
2 ≡ 1 mod d,
where the actions of N±d,e/Gd,e, T/Gd,e and Nd,e/Gd,e on Xd,e are the actions induced by the actions
of N±d,e, T and Nd,e on A
2 and then passing to the quotient X = A2/Gd,e. In particular, an algebraic
subgroup of N±d,e, T , or Nd,e descends to an algebraic subgroup of N
±
d,e/Gd,e, T/Gd,e, or Nd,e/Gd,e.
Another result, which we need, is that an algebraic subgroup G ⊂ Aut(Xd,e) is always conjugate to
a subgroup of one of the factors of the above amalgamated product structures ([AZ13, Theorem 4.15]).
Lemma 5.10. Any unipotent subgroup of Jonq+(A2) is either commutative or the semidirect product
U ⋉ V , where
U = {(x+ γ, y) | γ ∈ C}, V = {(x, y + p(x)) | p ∈ C[x]≤k := C⊕ Cx⊕ · · · ⊕ Cx
k},
for some k ≥ 0.
Proof. Assume that G ⊂ Jonq+(A2) is a non-commutative unipotent subgroup. Then G has nilpotent
length 2, more precisely, G = G1 ⋉ G2, where G1 = U and G2 = {(x, y + p) | p ∈ L} for some
finite dimensional vector subspace L ⊂ C[x]. Since G1 acts on G2 by conjugation it follows that LieG1
acts on LieG2 by the adjoint representation. The Lie algebra LieG can be naturally embedded into the
Lie algebra of derivations Der(O(A2)) and we identify LieG with its image in Der(O(A2)). Hence,
LieG1 = C
∂
∂x and LieG2 = L
∂
∂y . The action of LieG1 on LieG2 induces the action of
∂
∂x on L. Let
f ∈ L be a polynomial of maximal degree. Then ( ∂∂x)
deg ff is a non-zero constant and hence, L contains
C. Further, ( ∂∂x)
deg f−1f is a polynomial of degree 1 and we have that C ⊕ Cx ⊂ L. Following this
procedure we conclude that L = C[x]≤k. 
Lemma 5.11. Let S be a toric surface and G ⊂ Aut(S) a connected algebraic subgroup. Let τ be a
field automorphism of C and let G′ be the algebraic group obtained by base-changing the field C by τ
over Q. Then G′ is isomorphic to G as an algebraic group over C.
Proof. It is enough to show that all connected algebraic subgroups of Aut(S) are defined over the field
Q. We do this by exhaustion of cases. First assume that S ≃ Xd,e for some e and d > 1. By the above
stated results of Arzhantsev and Zaidenberg [AZ13], a connected algebraic subgroup of Aut(Xd,e) is
either conjugate to a subgroup of a quotient of the subgroups of Jonq±(A2) or a quotient of a subgroup
of Nd,e. The connected quotients of subgroups of Nd,e are either GL(2,C), SL(2,C), PGL(2,C),
PGL(2,C) × Gm, commutative unipotent subgroups, tori of rank at most 2, or a semidirect product
of a torus and a commutative unipotent subgroup. On the other hand, connected algebraic subgroups of
Aut(A2) are either isomorphic to one of those which are already listed above, toAff(2,C), to SAff(2,C)
or to a non-commutative unipotent group as described in Lemma 5.10. Furthermore, connected algebraic
subgroups of Aut(S ≃ A1∗ × A
1
∗) are tori. Finally, connected algebraic subgroups of Aut(A
1
∗ × A
1) are
isomorphic to a semidirect products of tori and commutative unipotent groups. One checks that all these
groups are defined over the field Q. 
Lemma 5.12. Let ϕ be a group automorphism of Aut(A1 × A1∗) and let G ⊂ Aut(A
1 × A1∗) be an
algebraic subgroup. Then ϕ(G) is again an algebraic subgroup isomorphic to G.
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Proof. It is enough to show the claim for G connected. We have that Aut(A1∗ ×A
1) ≃ (Z/2Z⋉Gm)⋉
(C[t, t−1]∗ ⋉ C[t, t−1]), where the factor Z/2Z ⋉ Gm corresponds to the automorphisms of A
1
∗ and the
factor (C[t, t−1]∗⋉C[t, t−1]) corresponds to the automorphisms ofA1∗×A
1 that preserve theA1-fibration
fiberwise. Note that all the subgroups in Aut(A1∗ × A
1) that are isomorphic to Ga belong to the factor
GU := C[t, t−1]. In other words, all faithful Ga-actions are equivalent.
By Lemma 5.6, there exists a field automorphism τ of C such that the restriction of ϕ ◦ τ to any
maximal torus, and hence also to any subgroup isomorphic to Gm, is an algebraic morphism, as well as
the restriction of ϕ ◦ τ to any root subgroup with respect to a maximal torus. We can write the GU as
an ascending chain of algebraic subgroups GUd , each of them generated by finitely many root subgroups
U1, . . . , Uk(d). By Lemma 5.9, the restriction of ϕ◦τ to any of the algebraic subgroups G
U
d is an algebraic
homomorphism and therefore the restriction of ϕ ◦ τ to any algebraic subgroup of GU is an algebraic
homomorphism. In particular, the restriction of ϕ◦τ to any subgroup ofAut(A1∗×A
1) isomorophic toGa
is an algebraic homomorphism. Let G ⊂ Aut(A1∗ ×A
1) be a connected algebraic subgroup. Then there
exist algebraic subgroups V1, . . . , Vk ⊂ G each isomorphic to Ga or to Gm such that G = V1V2 . . . Vk.
Lemma 5.9 now implies that ϕ ◦ τ(G) is an algebraic subgroup and the restriction of ϕ ◦ τ to G is an
algebraic homomorphism. Hence, ϕ(G) is an algebraic group, which is, by Lemma 5.11, isomorphic to
G as an algebraic group. 
Proof of Proposition 5.1. If S is isomorphic to the algebraic torus, then the claim follows from Lem-
ma 5.7. If S is isomorphic to A1 × A1∗, the proposition is covered by Lemma 5.12. So we can assume
that S is isomorphic toXd,e for some d, e.
By Lemma 5.6, there exists a field automorphism τ of C such that the restriction of ϕ ◦ τ to any
maximal torus induces an isomorphism of algebraic groups between any maximal torus T and its image.
Now, consider the subgroup N+d,e/Gd,e ⊂ Aut(Xd,e) (see definition above). We have that N
+
d,e =
T ⋉ U , where U is an infinite-dimensional unipotent group. Therefore, we can write N+d,e and thus
also N+d,e/Gd,e ⊂ Aut(Xd,e) as the limit of an ascending chain of algebraic subgroups, i.e. there exist
algebraic subgroups Ak ⊂ N
+
d,e/Gd,e such that
N+d,e/Gd,e =
⋃
k≥0
Ak,
Moreover, note that each of the groups Ak is generated by the maximal torus T/Gd,e and finitely many
root subgroups U1, . . . , Ul(k) with respect to T/Gd,e such that every element in Ak can be written as
a product of at most C(k) elements from the Ui or from T/Gd,e for some C(k) ∈ N. It follows from
Lemma 5.6 that the restriction to any of these Ui is an isomorphism of algebraic groups to its image. This
implies that there are finitely many algebraic subgroup V1, . . . , Vr of Ak such that V1 · · · · · Vr = Ak and
such that the restriction of ϕ ◦ τ to any Vi is an isomorphism of algebraic groups to its image. It follows
that ϕ ◦ τ(V1) · . . . · · ·ϕ ◦ τ(Vr) is an algebraic subgroup and, by Lemma 5.9, the restriction of ϕ ◦ τ to
Ak is an algebraic isomorphism to its image. A similar argument applies to the factor Nd,e/Gd,e.
Let now G be any algebraic subgroup of Aut(S). Then G is conjugate to a subgroup of one of the
factors of the amalgamated product ([AZ13, Theorem 4.17]). Therefore, G is conjugate to a subgroup
of one of the Jonq±(A2)≤k/Gd,e, or to a subgroup of Nd,e/Gd,e respectively. Hence, the restriction of
ϕ ◦ τ to G is an isomorphism of algebraic groups to its image. By Lemma 5.11, the algebraic group
τ(G), which is just the algebraic group obtained by base-changing the field C by τ overQ, is isomorphic
to G as an algebraic group. 
Remark 5.13. In general, not all automorphisms of Aut(S), where S is a toric surface, are inner up to
field automorphisms. For instance, let e > 1 and d > 1 be integers such that e2 6≡ 1 mod d and let
Xd,e = A
2/Gd,e be the corresponding toric surface. Then
Aut(Xd,e) ≃ Nd,e/Gd,e,
where
Nd,e = N
+
d,e ∗T N
−
d,e
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(see [AZ13, Lemma 4.3 and Proposition 4.4]). We note that N+d,e ≃ T ⋉ U , where
U = {(x+ p(y), y) | p(y) ∈ R},
for some subspace R ⊂ C[y] (here, we consider C[y] as a C-vector space). The torus induces a linear,
locally finite action on R by conjugation. Let {ri} be a basis of R such that each ri is an eigenvector of
T . We now define an automorphism ϕ ofN+d,e by setting ϕ|T = idT and ϕ(x+ ri, y) = (x+ ciri, y) for
some constants ci ∈ C
∗. Because of the amalgamated product structure of Nd,e, and since ϕ|T = idT ,
we can extend ϕ to an automorphism Φ of Nd,e by setting Φ|N−
d,e
= idN−
d,e
. We observe that for a
general choice of the constants ci the automorphism Φ is not inner, because the torus T coincides with
its centralizer. Moreover, Φ(Gd,e) = Gd,e, so Φ descends to an automorphism Φ
′ of Aut(Xd,e) and
again, it is straightforward to check that for a generic choice of the ci, the automorphism Φ
′ is not inner.
Since the restriction of Φ′ to the torus is the identity automorphism, Φ′ will not become inner after a
base-change by a field-automorphism. In fact, by Proposition 5.1, the restriction of Φ′ to any algebraic
subgroup is an algebraic morphism.
6. PROOFS OF THE MAIN THEOREMS
6.1. Toric surfaces. We first prove Theorem 1.3. Let G be a linear algebraic group, g ∈ G an element
in G and 〈g〉
◦
the neutral component of the closure of the group generated by g in G. Then 〈g〉
◦
≃
Gnm × G
m
a , where m ∈ {0, 1}. This follows from the structure of commutative linear algebraic groups
and the fact that any unipotent group topologically generated by one element is trivial or isomorphic to
Ga. In what follows we will use this easy observation frequently. Also recall that Aut(A
1
∗ × A
1
∗) ≃
GL2(Z)⋉G
2
m, where GL2(Z) is the group of monomial transformations.
Lemma 6.1. Let S be an affine normal surface. IfAut(S) is isomorphic toAut(A1∗×A
1
∗) as an abstract
group, then S is isomorphic to A1∗ × A
1
∗ as a variety.
Proof. Let ϕ : Aut(A1∗ × A
1
∗)
∼
−→ Aut(S) be an isomorphism of groups and let T ⊂ Aut(A1∗ × A
1
∗) be
the maximal torus. Since T coincides with its centralizer (see Lemma 4.8), ϕ(T ) ⊂ Aut(S) is a closed
subgroup by Lemma 2.4. Let d ∈ T be an element of infinite order. Then, by Proposition 3.13, ϕ(d) is
an algebraic element of Aut(S). Hence 〈ϕ(d)〉 ⊂ ϕ(T ) is a commutative algebraic subgroup of positive
dimension.
If S is a toric surface, the claim of the statement follows from Proposition 5.5. So assume that S
is not toric. In this case, Corollary 4.16 implies that S does not admit a faithful action of G2m or of
Ga ×Gm. Hence, for all algebraic elements h ∈ Aut(A
1
∗ × A
1
∗) of infinite order the algebraic subgroup
〈ϕ(h)〉
◦
⊂ Aut(S) is either isomorphic to Gm or to Ga. Let t1, t2 ∈ T be elements of infinite order
with distinct centralizers in Aut(A1∗ × A
1
∗). Then the commutative groups 〈ϕ(t1)〉
◦
and 〈ϕ(t2)〉
◦
do not
coincide. Since, by assumption, S is not toric, 〈ϕ(t1)〉
◦
and 〈ϕ(t2)〉
◦
are both isomorphic toGa, because
otherwise Corollary 4.16 implies again that S is toric. If 〈ϕ(t1)〉
◦
and 〈ϕ(t2)〉
◦
have different orbits,
the algebraic group generated by 〈ϕ(t1)〉
◦
and 〈ϕ(t2)〉
◦
is unipotent and acts with an open orbit on S,
which implies that S ≃ A2. This contradicts our assumption. Hence, all the one-dimensional unipotent
algebraic subgroups of ϕ(T )◦ have the same orbits and therefore the same ring of invariants, which we
denote by O(S)ϕ(T )
◦
. Consider the quotient map π : S → C , where C := Spec(O(S)ϕ(T )
◦
) is an affine
curve. Denote by Γ := ϕ(GL2(Z)) ⊂ Aut(S) the image of the group of monomial transformations.
Since Γ normalizes ϕ(T )◦, we obtain an action of Γ onC which is equivariant with respect to π. LetK ⊂
Γ be the kernel of this action. In particular, K stabilizes the fibers of π and therefore acts faithfully on the
general fiber of π, which is isomorphic to A1. This implies that K is solvable. Since the automorphism
group of an affine curve is solvable or finite, we obtain that Γ is solvable up to finite index. But this is a
contradiction, since GL2(Z) does not contain a solvable subgroup of finite index. 
The following result is the analogue of Theorem 1.3 for the particular case of the affine plane. In this
case the normality hypothesis can be removed:
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Proposition 6.2. Let S be an affine surface such that Aut(S) and Aut(A2) are isomorphic as groups.
Then S is isomorphic to A2.
Proof. Let Tr = {(x+ c, y + d) | c, d ∈ C} ⊂ Aut(A2) be the subgroup of translations. The group Tr
coincides with its centralizer in Aut(A2). Hence, ϕ(Tr) ⊂ Aut(S) is a closed subgroup by Lemma 2.4.
The maximal torus T ⊂ Aut(A2) given by the group of diagonal automorphisms acts on Tr by conjuga-
tion with finitely many orbits. By Lemma 5.5, ϕ(T ) ⊂ Aut(S) is a maximal torus. The closed subgroup
ϕ(T ) ⊂ Aut(S) also acts on ϕ(Tr) faithfully and with finitely many orbits and hence ϕ(Tr) ⊂ Aut(S)
is an algebraic subgroup of dimension 2. Since Tr does not contain elements of finite order, the group
ϕ(Tr) is unipotent. If two different Ga-actions in ϕ(Tr) have different generic orbits, then ϕ(Tr) acts
with an open orbit and because ϕ(Tr) is unipotent it follows that S ≃ A2. Now assume that all the
Ga-actions from ϕ(Tr) have the same generic orbits. Then the ring of invariants O(S)
ϕ(Tr) contains
non-constant functions and there exists a locally nilpotent derivation δ such that every Ga-action in
ϕ(Tr) is of the form {exp(cgδ) | c ∈ C} for some g ∈ O(S)ϕ(Tr). But in this case for any k ≥ 0
and any f ∈ O(S)ϕ(Tr), the Ga-action {exp(cf
kδ) | c ∈ C} commutes with all the Ga-actions in
ϕ(Tr) which implies that the centralizer of ϕ(Tr) is infinite-dimensional. This contradicts the fact that
dimϕ(Tr) has dimension two and the claim follows. 
Proof of Theorem 1.3. Let ϕ : Aut(S1)
∼
−→ Aut(S2) be an isomorphism of groups and fix a maximal
torus T1 ⊂ Aut(S1). If S1 or S2 are isomorphic to A
1
∗×A
1
∗, to A
1
∗×A
1, or to A2 then the claim follows
from Lemma 6.1, Proposition 5.5, or Proposition 6.2 respectively. Now let S1 be isomorphic to some
Xd,e different from A
2, i.e. d > 1 and e > 0. By Proposition 5.5 and Proposition 6.2, S2 is a toric
surface Xd˜,e˜ for some d˜ > 1 and e˜ > 0. Moreover, T2 = ϕ(T1) is a 2-dimensional torus.
By Lemma 5.4, all the root subgroups of Aut(Xd,e) with respect to T1 are mapped by ϕ to root
subgroups of Aut(Xd′,e′) with respect to T2. Hence, to conclude the proof, it is enough to show that we
can recover Xd,e from the abstract group structure of its root subgroups and their relationship with the
torus. Assume that the torus T1 acts on a root subgroup Ga with weight character χ. The center of the
semidirect product Ga ⋊χ T1 is exactly {0} ⋊χ kerχ. The image ϕ(Ga) is a root subgroup of Aut(S2)
with respect to the torus ϕ(T1) = T2 with some weight χ2. Hence the kernel of χ is mapped under ϕ
to the kernel of χ2. We consider now the kernels of the weight characters of two root subgroups with
different distinguished rays and look at their intersection. More precisely, let χα1 be a character with
distinguished ray ρ1 and χ
α2 a character with distinguished ray ρ2. By Lemma 4.12 we have, in the
notation of Section 4.3,
α1 = −β2 + l · β1 and α2 = (aβ1 + e
′β2) + k · (eβ1 + dβ2) ,
where l, k ≥ 0, and e′, a are the only positive integers with 0 ≤ e′ < d such that (e′, d) = 1 and
ee′ = 1 + ad. Define
Kl,k := kerχ
α1 ∩ kerχα2 .
From χα1 = 1 we obtain χβ2 = (χβ1)l and substituting this last equation into χα2 = 1 we obtain
(χβ1)a+l·e
′+k·e+lk·d = 1. This last equation has exactly a+ l · e′ + k · e+ lk · d solutions for χβ1 . This
yields that the order ofKl,k is
|Kl,k| = a+ l · e
′ + k · e+ lk · d .
We fix a character χα1 of Aut(S1) with distinguished ray ρ1. Now we consider all the characters χ
α2
with distinguished ray ρ2. These are exactly the characters corresponding to the root subgroups that
do not commute with the root subgroup corresponding to χα1 . By considering the intersections of the
kernels, we obtain a sequence of integers {|Kl,k|}k∈Z≥0 , where l is fixed and k varies. We observe that
this sequence is an arithmetic progression. By varying l, we obtain a set of such arithmetic progressions.
The smallest common difference of these arithmetic progressions is d and the second smallest common
difference is d+ e.
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Analogously, for every fixed k ∈ Z≥0 the sequence of integers {|Kl,k|}l∈Z≥0 is an arithmetic progres-
sion for every k ∈ Z≥0. The smallest common difference of these arithmetic progressions is d and the
second smallest common difference is d+ e′.
Since ϕ(Kl,k) is again the intersection of the kernels of two non-commuting characters, the sequences
of integers |Kl,k| for l or k fixed are the same for Aut(S1) and Aut(S2).
This yields that the isomorphism ϕ : Aut(S1)
∼
−→ Aut(S2) can only exist if S1 = Xd,e or S1 = Xd˜,e˜
with d˜ = d, and e˜ = e or if e˜ = e′. This is, S1 is isomorphic to S2 by Lemma 4.11. 
6.2. Non-toric Gm-surfaces. Surfaces admitting two non-commuting Ga-actions are called Gizatullin
surfaces.
Remark 6.3. Let S be a Gizatullin surface which is not toric and letH ⊂ Aut(S) be a one-dimensional
algebraic subgroup. If H ≃ Gm, then by Corollary 4.16 the only positive-dimensional connected alge-
braic subgroup in the centralizer of H is H . If H ≃ Ga, then again by Corollary 4.16, any positive-
dimensional algebraic subgroup in the centralizer of H is isomorphic to Ga and is equivalent to H , i.e.
it has the same generic orbits as H , since otherwise S would be isomorphic to A2.
The next proposition shows that the property of being Gizatullin is encoded in the automorphism
group.
Proposition 6.4. Let S and S′ be two normal affine surfaces such that Aut(S) and Aut(S′) are isomor-
phic as groups. Then the surface S admits two non-commuting Ga-actions if and only if S
′ admits two
non-commuting Ga-actions.
Proof. Let S and S′ be normal surfaces with S Gizatullin and let ϕ : Aut(S)→ Aut(S′) be an isomor-
phism of groups. We can assume that S and S′ are not toric since otherwise the result follows directly
from Theorem 1.3. We assume now that S′ is not Gizatullin and we derive a contradiction.
Let u and v be nontrivial elements of two non-commuting Ga-actions on S. This implies in particular
that uk and vl do not commute for all k, l > 0. By Proposition 3.13, ϕ(u) and ϕ(v) are algebraic
elements in Aut(S′) and so 〈ϕ(u)〉
◦
and 〈ϕ(v)〉
◦
are algebraic subgroups of Aut(S′), which do not
commute. Each of the groups 〈ϕ(u)〉
◦
and 〈ϕ(v)〉
◦
is isomorphic to Gkm × G
l
a for some k ≥ 0 and
some l ∈ {0, 1}. By Corollary 4.16 we can assume that the algebraic groups 〈ϕ(u)〉 and 〈ϕ(v)〉 are
one-dimensional since otherwise S′ is toric.
If both groups 〈ϕ(u)〉
◦
and 〈ϕ(v)〉
◦
are isomorphic to Ga, then S
′ is Gizatullin by definition. Assume
now that 〈ϕ(u)〉
◦
≃ Gm and 〈ϕ(v)〉
◦
≃ Ga. Note that all the Ga-actions on S
′ commute and have
the same generic orbits, since otherwise S′ would again be Gizatullin. By Lemma 4.4, there exists a
Ga-action on S
′ which is normalized by 〈ϕ(u)〉
◦
. Hence, there exists an element s ∈ Aut(S) such that
〈ϕ(s)〉 is isomorphic to Ga and is normalized by 〈ϕ(u)〉
◦
. From Remark 6.3 it follows that the algebraic
subgroup 〈s〉
◦
⊂ Aut(S) is isomorphic to Ga. It follows that, up to a different choice of s, we can
assume that 〈s〉 is connected. Since 〈ϕ(s)〉 and 〈ϕ(u)〉 do not commute, up to changing the generator
u of 〈ϕ(u)〉, we can asume that ϕ(u)−1 ◦ ϕ(s) ◦ ϕ(u) = ϕ(s2). Note that even after this new choice,
u and s remain unipotent elements. Hence, u−1 ◦ s ◦ u = s2, which means that the Ga-action 〈u〉 acts
nontrivially on 〈s〉 ≃ Ga, but this is not possible. Therefore, we are left with the case where both the
groups 〈ϕ(u)〉
◦
and 〈ϕ(v)〉
◦
are isomorphic to Gm. In this case, by [FZ05b, Theorem 3.3], there exists
a Ga-action W in Aut(S
′) and by Lemma 4.4 we can assume that W is normalized by 〈ϕ(u)〉
◦
. In
particular, after possible scaling u, we can assume that ϕ(u) ◦w ◦ϕ(u)−1 = w2 for a w ∈W of infinite
order. Similarly as above, we obtain that 〈u〉 ≃ Ga acts nontrivially on 〈ϕ−1(w)〉, which is again not
possible. This proves the theorem. 
We now prove Theorem 1.2 that will also be used as a tool in subsequent proofs.
Proof of Theorem 1.2. Let T be a one-dimensional torus of Aut(S) and let t ∈ T be of infinite order.
By Proposition 3.13, the image ϕ(t) ∈ Aut(S′) is an algebraic element. By Corollary 4.16, the group
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〈ϕ(t)〉
◦
can not be isomorphic to Gm × Gm nor to Gm × Ga since S
′ is non-toric, by Theorem 1.3. It
follows therefore that 〈ϕ(t)〉
◦
is either isomorphic to Gm or to Ga. By assumption, Aut(S) contains a
Ga-action and hence, by Lemma 4.4, there exists a root subgroup U of S with respect to T . For any
u ∈ U \ {id} the algebraic subgroup 〈ϕ(u)〉
◦
is also isomorphic to Gm or to Ga. We can choose t and u
in such a way that t◦u◦t−1 = u2. This implies that 〈ϕ(t)〉
◦
acts nontrivially on 〈ϕ(u)〉
◦
by conjugation.
Hence, 〈ϕ(t)〉
◦
≃ Gm and 〈ϕ(u)〉
◦
≃ Ga.
We claim that S and S′ are both hyperbolic or both parabolic which will prove the theorem, since
elliptic surfaces with a Ga-action are all toric, see Section 4.4. If S
′ has two non-commuting root sub-
groups then S′ is Gizatullin and hence S is Gizatullin by Proposition 6.4. This is only possible in the
hyperbolic case by [FZ05a, Corollary 4.4]. Hence, in this case both S and S′ are hyperbolic. We assume
now that all root subgroups in Aut(S′) commute. Furthermore, by Proposition 6.4 we can also assume
that S is not Gizatullin and also that all root subgroups in Aut(S) commute. We will now prove that if
S has root subgroups of different weights, then so does S′. This will prove the claim by Lemma 4.17.
Assume that there are two root subgroups U and U ′ in Aut(S) with different non-zero weights. Let
t ∈ T be such that t ◦ u ◦ t−1 = u2, for all u ∈ U . Since the weights are different, we have that
t ◦ u′ ◦ t−1 6= (u′)2, for all u′ ∈ U ′ different from the identity. Let u ∈ U be different from the identity.
Up to changing u by a multiple we can assume that 〈ϕ(u)〉 is connected and hence is a root subgroup
with respect to 〈ϕ(t)〉
◦
. Let k ∈ Z be such that ϕ(tk) ∈ 〈ϕ(t)〉
◦
. Now we have ϕ(tk) ◦ϕ(u) ◦ϕ(t−k) =
ϕ(u2
k
). Similarly, let u′ ∈ U ′ be different from the identity. Again we can assume that 〈ϕ(u′)〉 is
connected and hence is a root subgroup with respect to 〈ϕ(t)〉
◦
, but this time we have
ϕ(tk) ◦ ϕ(u′) ◦ ϕ(t−k) 6= ϕ
(
(u′)2
k
)
,
and so the weights of 〈ϕ(u)〉
◦
and 〈ϕ(u′)〉
◦
are different. 
Theorem 6.5. Let S and S′ be normal surfaces. Assume that Aut(S) contains algebraic subgroups
T and U isomorphic to Gm and Ga, respectively. If there exists a group isomorphism ϕ : Aut(S) →
Aut(S′), then the following hold:
(a) The image ϕ(T ) ⊂ Aut(S′) is an algebraic subgroup isomorphic to Gm.
(b) There exist root subgroups in Aut(S) and they are mapped to root subgroups such that their
weights are preserved up to an isomorphism of the torus.
Proof. If S is toric, then (a) and (b) follow from Theorem 1.3 and Proposition 5.1. Now assume that
S is non-toric. This implies, by Theorem 1.3, that S′ is also non-toric. Let t ∈ T be of infinite order.
By Proposition 3.13, the image ϕ(t) ∈ Aut(S′) is an algebraic element. By Corollary 4.16 the group
〈ϕ(t)〉
◦
can not be isomorphic to Gm × Gm nor to Gm × Ga since S
′ is non-toric. Hence, 〈ϕ(t)〉
◦
is
isomorphic either to Gm or to Ga. The same is true for 〈ϕ(u)〉
◦
, where u ∈ U \ {id}. By Lemma 4.4 we
can assume that U is normalized by T . Since we can choose t and u in such a way that t ◦ u ◦ t−1 = u2,
it follows that 〈ϕ(t)〉
◦
acts nontrivially on 〈ϕ(u)〉
◦
by conjugation. This implies that 〈ϕ(t)〉
◦
≃ Gm and
〈ϕ(u)〉
◦
≃ Ga.
To prove part (a) we have to show that ϕ(T ) = 〈ϕ(t)〉 = 〈ϕ(t)〉
◦
. Indeed, by Lemma 4.15, T is a finite
index subgroup of its centralizer Z in Aut(S) and 〈ϕ(t)〉
◦
is a finite index subgroup of its centralizer
Z ′ in Aut(S′). Since Z = CentAut(S)(〈t〉) and Z
′ = CentAut(S′)(〈ϕ(t)〉) we have that ϕ(Z) = Z
′.
We claim that the only divisible elements in Z are those which belong to T . Indeed, T is the normal
subgroup of Z and we can consider the quotient map Z → Z/T . Since the group Z/T is finite and
an element from Z/T is divisible if and only if it is the identity, the claim follows. Analogously, the
only divisible elements in Z ′ belong to 〈ϕ(t)〉
◦
. Now, since ϕ maps divisible elements to divisible, we
conclude that ϕ(T ) = 〈ϕ(t)〉
◦
. This proves (a).
To prove part (b) we first remark that by Lemma 4.4 there exist root subgroups ofAut(S) with respect
to T . By Lemma 5.4 root subgroups are maped to root subgroups. To conclude the proof we remark that
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the center of T ⋉χ U is C = {0} × kerχ and so χ(t) = t
k or χ(t) = t−k, where |k| is the order of C .
Since the center of a subgroup is preserved under isomorphism ϕ, the proof follows. 
In the following proposition we prove part of Theorem 1.1 in the particular case, where G is a 1-
dimensional connected algebraic group.
Proposition 6.6. Let S and S′ be normal affine surfaces and assume that there exists a group isomor-
phism ϕ : Aut(S)→ Aut(S′). Then the following hold:
(a) The surface S admits a Gm-action if and only if S
′ admits a Gm-action.
(b) The surface S admits a Ga-action if and only if S
′ admits a Ga-action.
Proof. To prove our theorem, we can assume that S and S′ are not toric since in that case our theorem
follows directly from Theorem 1.3. We are now going to prove part (a). Assume there exists an algebraic
subgroup T ⊂ Aut(S) isomorphic to Gm. If S admits a non-trivial Ga-action, then the result follows
from Theorem 6.5. We assume in the sequel that S admits no Ga-action. We will show that there exists
an algebraic subgroup Aut(S′) that is isomorphic to Gm. All elements in the image ϕ(T ) are algebraic
by Theorem 3.13. If Aut(S′) contains no algebraic subgroup isomorphic to Gm, then all elements of
infinite order in ϕ(T ) are unipotent. If Aut(S′) contains two non-commuting unipotent subgroups,
then we are in the case of Proposition 6.4. This implies that Aut(S) also contains two non-commuting
unipotent subgroups which is a case we already excluded. Hence, all unipotent subgroups in Aut(S′)
commute. In particular, the set of all unipotent elements in Aut(S′) is a normal commutative subgroup
such that every algebraic subgroup has the same ring of invariants. Let U ⊂ Aut(S′) be any algebraic
subgroup isomorphic to Ga. The quotient map π : S
′ → SpecO(S′)U gives an A1-fibration which is
preserved byAut(S′) in the sense that every element g ∈ Aut(S′) permutes the fibers. A comprehensive
study of the automorphism groups of 2-dimensional A1-fibrations was carried out in [KPZ17, Section 8].
Excluding the case of toric surfaces, we are either in the setting of [KPZ17, Theorem 8.13] or [KPZ17,
Theorem 8.25]. In both cases we obtain that Aut(S′) contains an algebraic subgroup isomorphic to Gm
because Aut(S′) contains infinitely many elements of finite order. This proves part (a) in the theorem.
Finally, part (b) of the theorem follows by an exclusion argument. Indeed, assume Aut(S) contains
a subgroup U isomorphic to Ga. Let u ∈ U be of infinite order, then ϕ(u) is algebraic and so 〈ϕ(u)〉
contains a connected 1-dimensional algebraic subgroup G. IfG ≃ Ga, then part (b) follows. IfG ≃ Gm,
then by part (a) we have that Aut(S) contains also an algebraic subgroup isomorphic to Gm. Now the
theorem follows by Theorem 6.5 that implies that Aut(S′) has a root subgroup. 
Let SL2 and PSL2 be the special linear and projective special linear groups, respectively, over the base
field of complex numbers. Surfaces with a non-trivial SL2-action are well understood, see for example
[Kra84, Section 4] or [Pop73]. We will rely on these results to treat the case where G = PSL2 in our
main result Theorem 1.1.
Lemma 6.7 ([Kra84, Section 4]). Let S be a normal affine SL2-surface. Then S is isomorphic to one of
the following:
• a toric surface;
• SL2 /T , where T ⊂ SL2 is a maximal torus;
• SL2 /N , where N ⊂ SL2 is the normalizer of T .
In the next proposition we prove that normal affine SL2-surfaces are uniquely determined by their
automorphism groups.
Proposition 6.8. Let S and S′ be normal affine surfaces such that there exists a group isomorphism
ϕ : Aut(S)→ Aut(S′). Then the following holds:
• If G ⊂ Aut(S) is an algebraic subgroup isomorphic to PSL2, then ϕ(G) ⊂ Aut(S
′) is an
algebraic subgroup isomorphic to PSL2.
• The surface S is isomorphic to SL2 /T if and only if S
′ is isomorphic to SL2 /T .
• The surface S is isomorphic to SL2 /N if and only if S
′ is isomorphic to SL2 /N .
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• Normal affine SL2-surfaces are uniquely determined by their automorphism groups.
Proof. If S is toric, the statements follow from Theorem 1.3 and Proposition 5.1, so we can assume
that S is non-toric. To prove the first statement of the proposition we first note that, by Theorem 6.5,
the isomorphism ϕ maps a maximal torus D ⊂ Aut(S) into a 1-dimensional torus ϕ(D). Also by
Theorem 6.5, the root subgroups of Aut(S) with respect toD are mapped to root subgroups of Aut(S′)
with respect to ϕ(D) and the weights are preserved up to an automorphism of the torus.
The group G is generated by two non-commuting root subgroups U and V with respect to D. There-
fore, we obtain two non-commutative root subgroups ϕ(U) and ϕ(V ) of Aut(S′) with respect to ϕ(D)
such that the groupH = ϕ(G) generated by ϕ(U) and ϕ(V ) consists of algebraic elements. There exists
a n such that every element in H can be written as a product g = u1v1 · · · · · unvn, where ui ∈ ϕ(U)
and vi ∈ ϕ(V ). This product structure shows that H is a constructible set with a group structure, and
therefore H is closed. Moreover, H is contained in a filter set of the ind-group Aut(S′) and hence H is
an algebraic group. This proves the first statement.
The normalizers of G in Aut(SL2 /T ) and Aut(SL2 /N) are different and so SL2 /T and SL2 /N are
distinguished from each other by their automorphism groups. Together with Lemma 6.7 and Theorem 1.3
this proves the last three statements. 
We now proceed to the proof of our main theorem.
Proof of Theorem 1.1. If S is toric then the theorem follows directly from Proposition 5.1. We assume
in the sequel that S is non-toric and therefore we also know that S′ is non-toric. The only connected
algebraic groups G acting faithfully on non-toric surfaces are Gm, G
n
a , Gm ⋉ G
n
a , and PSL2, since G
must have rank at most 1. Remark that SL2 is excluded from this list since it only acts faithfully on toric
surfaces by Lemma 6.7. Furthermore, we don’t consider Gna because it is unipotent and hence excluded
from the statement of the theorem.
If G ≃ PSL2, the theorem follows from Proposition 6.8. If G ≃ Gm ⋉ Ga, the theorem follows
from Theorem 6.5. Assume now that G ≃ Gm. If G is contained in an algebraic subgroup G ⋉ H
for some H ⊂ Aut(S) isomorphic to Ga, then the theorem follows from the previous case. Hence, by
Theorem 6.5 we can assume that there are no unipotent elements in Aut(S). By Proposition 6.6 (a)
we have that S′ also admits a faithful action of Gm. With the same argument as above, we obtain that
there are no unipotent elements in Aut(S′). Furthermore, by [FZ05b, Theorem 3.3] we have that G
is the unique subgroup of Aut(S) isomorphic to Gm. The image ϕ(G) is commutative and contains a
1-parameter subgroup G′ isomorphic to Gm. By Lemma 4.15 we have that ϕ(G) is contained in G
′×H
whereH is a finite subgroup of Aut(S′). Since, by divisibility of elements of Gm, the group Gm has no
non-trivial finite quotients, we have that ϕ(G) ⊂ G′. By symmetry, applying the same argument to ϕ−1
we obtain ϕ−1(G′) ⊂ G. This yields ϕ(G) = G′.
Finally, assume that G ≃ Gm ⋉ G
n
a . We can write G
n
a as a direct product U1 × . . . × Un of root
subgroups. All the root subgroups Ui have the same generic orbits since otherwise S ≃ A
2 and we
assume S is not toric. Furthermore, all the weights of Ui have the same sign in the character lattice of
Gm, which is isomorphic to Z by Lemma 4.17. By Theorem 6.5 Gm is mapped to Gm and every Ui is
mapped to a root subgroup U ′i ⊂ Aut(S
′) that has the same weight as Ui, up to an automorphism of Gm.
Since S′ is also not toric and U ′i commutes with U
′
j for all i, j, again by Lemma 4.17 we have that all
U ′i have the same sign in the character lattice of Gm. Hence, ϕ(G) is an algebraic group isomorphic to
G. 
Remark 6.9. Let S and S′ be normal affine surfaces and let ϕ : Aut(S)→ Aut(S′) be an isomorphism
of groups. IfAut(S) contains a unipotent subgroup U , then Aut(S′) also contains an algebraic subgroup
isomorphic to U . Indeed, assume U ≃ Gna . It is enough to prove that S
′ admits a Ga-action, but this has
been shown in Proposition 6.6.
6.3. Higher dimensional toric varieties. The following lemma is needed for the proof of Theorem 1.4.
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Lemma 6.10. Let Xσ be an affine toric variety of dimension n and let T ⊂ Aut(Xσ) be a maximal
torus. Then there exists an (n − 1)-dimensional torus H ⊂ T such that all root subgroups of Aut(X)
with respect toH have different weights.
Proof. Take any (n − 1)-dimensional subtorus H ⊂ T such that NH ∩ σ = {0}, where NH is the
sublattice of N of 1-parameter subgroups of T that are contained in H and recall that σ ⊂ NR. It is
clear that every T -root subgroup is also a H-root subgroup. Now, [Kot14, Proposition 1] shows that
every H-root subgroup is also T -root subgroup and so Corollary 4.7 implies that the weights of H-root
subgroups are also different. 
We now show that affine toric varieties are determined by their set of roots.
Lemma 6.11. Let σ and σ′ be strongly convex rational polyhedral cones in NR. If R(σ) = R(σ
′) then
σ = σ′. In particular, a toric variety Xσ is completely determined by the set of its roots with respect to
any fixed maximal torus in Aut(Xσ).
Proof. To prove the lemma, it is enough to show that the cone σ of a toric variety Xσ can be recovered
from the set of roots R(σ). Since any strongly convex rational polyhedral cone is the convex hull of its
rays, it is enough to show that every ray ρ ∈ σ(1) can be recovered from the set of roots. By [Lie10,
Remark 2.5] the setRρ(σ) of roots with ρ ∈ σ(1) as distinguished ray is not empty. Hence, to recover σ
from R(σ) it is enough to recover for every e ∈ R(σ) its distinguished ray.
By [Lie10, Remark 2.5], the lattice vector m + e ∈ Rρ(σ) for every e ∈ Rρ(σ) and every m ∈
ρ⊥ ∩ σ∨M . Let us fix now a root e ∈ R(σ). By the preceding consideration, there exists a hyperplane
H ⊂ MR such that the linear span of H ∩ (R(σ) − e) equals H . Take now L = H
⊥ ⊂ NR the line
orthogonal to H . The line L is composed of two rays and has only two primitive vectors ±p ∈ L. The
distinguished ray of e is given by ρe = −〈e, p〉 · p since 〈e, ρe〉 = −〈e, p〉
2 = −1. 
Proposition 6.12. Let X and Y be affine toric varieties. If Aut(X) and Aut(Y ) are isomorphic as
ind-groups, then X and Y are isomorphic.
Proof. Fix an isomorphism ϕ : Aut(X)→ Aut(Y ) of ind-groups. Let T ⊂ Aut(X) be a maximal torus
of dimension n. Then ϕ(T ) ⊂ Aut(Y ) is a torus of dimension n and therefore, dim(X) = dim(Y ).
Since the groups Aut(X) and Aut(Y ) are isomorphic, the root subgroups of Aut(X) with respect to
T are sent to root subgroups of Aut(Y ) with respect to ϕ(T ). Moreover, weights are preserved under
this isomorphism. Now, Lemma 6.11 implies that X ≃ Y as a toric variety. In particular, X ≃ Y as a
variety. 
We now proceed to prove the last remaining main result of this paper.
Proof of Theorem 1.4. Let ϕ : Aut(X) → Aut(Y ) be an isomorphism of ind-groups and let n be the
dimension of X. By Lemma 6.10 there is a subtorus H ⊂ Aut(X) of dimension n − 1 such that all
the root subgroups of Aut(X) with respect to H have different weights. Since ϕ is an isomorphism of
ind-groups, all the root subgroups of Aut(Y ) with respect to the algebraic torus ϕ(H) ⊂ Aut(Y ) have
different weights . Hence, by Lemma 4.2 we have dimY ≤ n. SinceX admits an n-dimensional faithful
torus action, the same holds for Y and we conclude that Y is also a toric variety of dimension n. Now
the theorem follows from Proposition 6.12. 
6.4. Examples and Counterexamples. In the remaining of this paper we provide examples showing
that certain conditions in Theorem 1.1, Theorem 1.2, and Theorem 1.4 are necessary for the statements
to hold.
Lemma 6.13. Let S be a surface endowed with a non-constant morphism π : S → C to a smooth curve
C . Assume that C is non-rational, has trivial automorphism group, and that the general fibers of π are
rational. Then π is invariant under automorphisms of S.
Proof. Let α : S → S be an automorphism and let F be a general fiber of π. The morphism (π ◦ α)|F
is either dominant or constant. If it is dominant, then C is rational which is a contradiction. Hence
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π ◦ α(F ) ⊂ C is a point and therefore α(F ) another fiber of π. It follows that α preserves general
fibers fiberwise and therefore that α preserves all the fibers. Since C has trivial automorphism group, π
is invariant under α. 
To prove that the restriction on unipotent subgroups cannot be removed in Theorem 1.1, we have the
following example, which was explained to us by Adrien Dubouloz and Hanspeter Kraft.
Example 6.14. Let C be a smooth affine curve with trivial automorphism group and no non-constant
invertible regular functions. Let c0 ∈ C be any point and let F be the fiber F = A
1 × {c0} inside
A1 × C of the projection map to C . Take a projective completion S˜ of A1 × C with boundary H . Let
Bl(S˜) be the surface obtained by blowing-up S˜ at three generic points (p0, c0), (p1, c0), and (p2, c0) of
F . Furthermore, let S be the surface obtained by removing from Bl(S˜) the strict transform of F +H .
Since F + H is ample the strict transfrom is also ample, by Kleiman’s Criterion, and so the surface S
is affine. There is a morphism ρ : S → A1 × C whose composition with the second projection gives an
A1-fibration π : S → C . The morphism ρ restricted to the preimage π−1(C \ {c0}) is an isomorphism
onto A1 × (C \ {c0}). Furthermore, π
−1(c0) consists of three disjoint copies of A
1.
Let now α be an automorphism of S. By Lemma 6.13, α preserves the fibration over C fiber by
fiber. In particular, it induces an automorphism on A1 × (C \ {c0}), which is of the form (x, c) 7→
(f(c)x + g(c), c), where f ∈ O(C \ {c0})
∗ and g ∈ O(C \ {c0}). We claim that α is the lift of an
automorphism α0 of A
1 × C , i.e. f ∈ O(C)∗ = C∗ and g ∈ O(C).
Indeed, let C ′ ⊂ C be a neighborhood of C where the divisor c0 is principal and let h be a rational
function on C such that c0 = div(h)|C′ . Let S
′ be the preimage π−1(C ′) of C ′ by the fibration. Then
S′ is obtained by blowing-up the points (p0, c0), (p1, c0), and (p2, c0) inside A
1 × C ′ and removing
the strict transform of F . Let now A = O(C ′), A1 = SpecC[x] and P1 = ProjC[s, t]. Letting
r(x) = (x − p0)(x − p1)(x − p2), the blow-up of the three points is given by the equation ht = rs on
A1×C ′×P1 and the strict transform of F is given by s = 0 in the blow-up. Hence, the affine surface S′ is
naturally covered by two affine charts U = SpecA[x, t]/(ht − r) and U ′ = SpecA[x, s, s−1]/(h− rs)
glued along U0 = SpecA[x,
s
t ,
t
s ]/(h − r
s
t ). But U
′ = U0 and so S
′ = U = SpecB, where B =
A[x, t]/(ht − r) = A[x, rh−1] ⊂ A[x, h−1]. Now, the comorphism α∗ of the automorphism α maps A
to A identically and maps x to α∗(x) = fx+ g but f and g are regular on C ′ \ {c0}. Hence f = ah
ℓ
with a ∈ C∗, l ∈ Z, and g ∈ A[h−1]. We conclude that α∗(x) = ahℓx + g ∈ B. A straightforward
computation yields (α−1)∗(x) = a−1h−ℓ(x− g) ∈ B. Up to changing α by its inverse, we can assume
ℓ ≥ 0. Let now µi : A[x, h
−1] → A[h−1] be the evaluation homomorphism x = pi for i = 0, 1, 2.
Restricting µi to B for any i = 0, 1, 2, we obtain a homomorphism B → A that is the identity on A.
This yields B ∩ A[h−1] = A. In particular, µi(h
−ℓ(x− g)) = h−ℓ(pi − g) ∈ A for all i = 0, 1, 2. This
yields h−ℓ(pi − pj) ∈ A for all i, j = 0, 1, 2. Hence ℓ = 0 and so g ∈ A = O(C
′). Finally, the claim
follows since O(C \ {c0}) ∩ O(C
′) = O(C).
Note as well that α0 must preserve the set (p0, c0), (p1, c0), and (p2, c0) since α preserves the fiber
π−1(c0) of S. As the points pi were chosen generically, it follows that α0|A1×{c0} is the identity. It
follows that f = 1 and that g is contained in the ideal mc0 of c0 in O(C). In particular, every element
in Aut(S) is unipotent and Aut(S) is abstractly isomorphic to the additive group (mc0 ,+), which is
abstractly isomorphic to the additive group (C,+).
Now, let G ⊂ Aut(S) be any algebraic subgroup isomorphic to Ga. We can find an automorphism ϕ
of Aut(S) such that ϕ(G) is dense in Aut(S). In particular, ϕ(G) is not an algebraic subgroup.
In the next two examples we exhibit elliptic and hyperbolic Gm-surfaces, respectively whose automor-
phism groups are isomorphic and isomorphic to Gm. This shows that the hypothesis to have additionally
a Ga-action in 1.2 is essential.
Example 6.15. Let C be a smooth projective curve normally embedded in Pn. Assume further that C
is non-rational and has trivial automorphism group. Let S be the affine cone in An+1 of C . The group
Gm is contained in Aut(S) by scalar multiplication making S into an elliptic Gm-surface. The origin
0¯ ∈ S is a singular point in S since S is different from P1 and so it is fixed by any automorphism
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[KR82, Theorem 2.5]. Furthermore, there is a non-constant regular map π : S \ {0¯} → C . Hence,
by Lemma 6.13 we obtain that π is invariant under any automorphism of S. This yields Aut(S) ⊆
Gm ⋊ Z/2Z = Aut(Gm). Let now L be the closure in S of a fiber of π. Any automorphism restricts to
an automorphism of L fixing 0¯. This yields Aut(S) = Gm.
Example 6.16. Let C be a non-rational smooth affine curve having trivial automorphism group and
no invertible functions. The surface A1 × C admits a natural parabolic Gm-action acting on the first
coordinate. The set of fixed points is given by F = {0} × C . Let S˜ be an equivariant projective
completion of A1 × C with boundary H . Let Bl(S˜) be the surface obtained by blowing up S˜ at a
point (0, c0) in F with ideal (y,m
2
c0), where mc0 is the maximal ideal of c0 ∈ C and A
1 = SpecC[x].
Furthermore, let S be the surface obtained by removing from Bl(S˜) the strict transform of F +H . Since
F +H is ample, the strict transform is also ample, by Kleiman’s Criterion and so the surface S is affine.
Since the blown-up point in A1 × C is fixed and F +H is also fixed, the Gm-action on A
1 × C lifts
to a Gm-action on S. Let L be the line corresponding to the exceptional divisor in Bl(S˜) intersected
with S. The line L is composed of a 1-dimensional orbit O1 and a fixed point p
′. Furthtemore, there
are exactly two orbit closures meeting at p′: the closure of O1 and the closure of the strict transform
O2 of the only one-dimensional Gm-orbit in A
1 × C having p in its closure. Furthermore, the algebraic
quotient π : S → C is induced from the second projection on A1 × C . By Lemma 6.13 we obtain
that π is invariant under any automorphism of S. This yields Aut(S) ⊆ Gm ⋊ Z/2Z = Aut(Gm).
Furthermore, if the element of inversion t 7→ t−1 in Aut(Gm) induced an automorphism in S, it would
exchange the two orbits O1 and O2 meeting at the only fixed point. We claim that S is hyperbolic and
that the orbit O1 has isotropy Z/2Z by construction while the orbit O2 has trivial isotropy. This yields
Aut(S) = Gm and so S is the desired example.
To prove the claim we argue as in Example 6.14. Let C ′ ⊂ C be a neighborhood of C where the
divisor c0 is principal and let h be a rational function on C such that c0 = div(h)|C′ . Let S
′ be the
preimage π−1(C ′) of C ′ by the natural map π : S → C . With the same argument as in Example 6.14
we obtain that S′ = SpecB, where B = A[x, s]/(h2 − ys). The Gm-action is given by deg(h) = 0
and deg(y) = 1 and so deg(s) = −1. This proves that S is hyperbolic. The orbit O1 corresponds to
s = 0 and so has isotropy Z/2Z. On the other hand, the orbit O2 corresponds to h = 0 and so has trivial
isotropy. This proves the claim.
Finally, we show that the assumption in Theorem 1.4 that the variety X is not isomorphic to an
algebraic torus, is necessary.
Example 6.17. Let T be an algebraic torus and let C be a smooth affine curve having trivial automor-
phism group and no non-constant invertible regular functions. We claim that Aut(T ) and Aut(C × T )
are isomorphic as ind-groups. Indeed, let ϕ : C × T → C × T be an automorphism of C × T . By
Lemma 6.13 the first projection pr1 : C × T → C is invariant under automorphisms of C × T . Hence,
ϕ(x, t) = (x, ψ(x, t)) for all x ∈ C , t ∈ T and some morphism ψ : C × T → T . For every t ∈ T we
let ψt : C → T be the map given by ψt(z) = ψ(z, t). The comorphism ψ
∗
t (z) : O(T ) = C[M ]→ O(C)
sends invertible functions to invertible functions, but C[M ] is generated by invertible functions while C
admits no invertible function other than the constants. Hence, the image of ψ∗t is the base field and so
the map ϕt is constant. We obtain that ψ(z, t) = ψ˜(t) for some automorphism ψ˜ : T → T of the torus T
and for all z ∈ C , t ∈ T . This yields that the automorphism ϕ is a product ϕ = idC ×ψ˜, which proves
the claim.
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